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Abstract
Two humanmotionscanbe linearly interpolatedto producea new motion,giving theanimatorcontrol over the
lengthof a jump,thespeedof walking, or theheightof a kick. Overthepasttenyears, this simpletechniquehas
beenshownto producesurprisinglynatural lookingresults.In thispaper, weanalyzethemotionsproducedbythis
techniquefor physicalcorrectnessandsuggestsmallmodi�cationsto thestandard interpolationtechniquethat in
somecircumstanceswill producesigni�cantly morenatural lookingmotion.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7 [Three-DimensionalGraphicsandRealism]:
Animation

1. Intr oduction

Over thepasttenyears,interpolationof motioncapturedata
hasbeenshown to be a very powerful techniquefor gen-
eratinghigh quality andnaturallooking motion.This tech-
nique is successfulin part becausethe naturalnessof the
original motions is not destroyed by the relatively small
changesmade in the processof interpolation. However,
larger changesmay alsoproducenaturallooking motion if
interpolationis performedwithin awell-de�ned classof be-
haviors suchaskicking [KG04] or walking [RCB98] where
signi�cant eventssuchasfoot contactcanbealigned.

For theselarger changes,in particular, it is not immedi-
ately obvious why interpolationshouldproducesuchgood
results. For example, straightforward linear interpolation
couldwell introducevisually apparenterrorsin thephysics
of themotion.In thispaper, weanalyzethephysicalcorrect-
nessof motionscreatedby interpolatinga few, presumably
physically correct,humanmotions.

We analyzetheinterpolatedmotionin termsof a number
of basicphysicalproperties:(1) linearandangularmomen-
tumduring�ight; (2) foot contact,staticbalanceandfriction
with thegroundduringstance;(3) continuityof positionand
velocity betweenphases.We assumethat the motionsused
for interpolationarephysically correctthemselves,have the
sameskeleton,canbealignedin timebypickingcorrespond-

ing key eventsandthat linear interpolationis usedto inter-
polateparametersof motionsbetweenthesekey events.

Our analysisshows thatwith a few simplemodi�cations
to the straightforward interpolationtechniqueproposedby
others,we canprove that thesephysical propertiesaresat-
is�ed for a wide rangeof different kinds of motions.The
interpolatedmotion will satisfythesephysical propertiesif
themotionsusedfor interpolationdo not includesigni�cant
rotationduring the �ight phase(runs,forward andvertical
jumps,for example),rotatearoundapproximatelythesame
principal axis by approximatelythe sameamount(jumps
with turns, for example)or have no �ight phase(walks or
kicks, for example).

The analysis presentedin this paper should at least
partially resolve a concern that has been raised about
interpolation–thatit is notasuitabletechniquefor highly dy-
namicmotionsbecausethe physicsof the resultingmotion
is incorrect.While themaincontribution of thepaperlies in
its analysis,the few simplemodi�cations to the interpola-
tion schemethatwe describecanalsosigni�cantly improve
thevisualquality of certainclassesof interpolatedmotions
while guaranteeingtheir physicalcorrectness.

2. Background

Interpolationisacomponentof many differentapproachesto
modeling,editing,andsynthesizinghumanmotions.In this
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section,however, we focuson researchthat usesinterpola-
tion asa standalonetechniqueasthis is whenour analysis
shouldprovide insight.The key propertiesof suchinterpo-
lation techniquesaretheamountof datato be interpolated,
theselectionmethodfor thatdata,how thekey eventsin the
motionsare alignedin time, and the representationof the
motionsusedfor interpolation.

Perlin [Per95] proposedone of the �rst systemsthat
included interpolation.He usedblending operationson a
set of base motions to create new motions and transi-
tions betweenthem. Wiley and Hahn [WH97] and Guo
and Roberge [GR96] usedlinear interpolationon a set of
hand-selectedexample motions to producemodi�ed mo-
tionswithin thatset.For example,Wiley andHahnwereable
to interpolateamonga setof reachingandpointingmotions
to have thecharacterpoint to otherplacesin thespace.The
setof examplemotionswasquitesmall in this work asmo-
tion capturedatawasnotyeteasyto obtain.

Roseand his colleagues[RCB98] implementeda very
impressive systemthatusedradialbasisfunctionsto repre-
sentmotionsfor interpolation.The motionsincludeda set
of walks and runsof varying speedandemotion.The key
eventsin themotionswereselectedby handsothatthemo-
tionscouldbeappropriatelyalignedin timefor interpolation.

Kovar and Gleicher [KG04] addeda searchtechnique
for identifying a set of motions with similar time events
that could then be interpolated.They also presentedtech-
niquesfor automaticallyregisteringthemotionsfor interpo-
lation [KG03].

Linear interpolationhas beenusedextensively for cre-
ating transitionsbetweenmotions[WB04, RCB98, Per95].
Transitionsarecreatedby blendingportionsof two motions
with a weight that changesover time. The analysisin this
paper, however, assumesa constantweight function andis
thereforenotapplicableto transitions.

Abeetal. [ALP04] usedoptimizationto synthesizeafam-
ily of highly dynamicmotionsbasedonagivenmotioncap-
ture clip and then interpolatedto createintermediatemo-
tions.They observedthatthespaceof motionsdoesnotneed
to besampledvery denselyfor theoptimizationto produce
goodresults.Theanalysisin this paperjusti�es their empir-
ical observation.

Interpolationhasalsobeenusedto solve otherproblems
in animation.For example,Parkandhiscolleagues[PSS02]
usedinterpolationfor on-the-�y generationof locomotion
basedonuserparameters.Roseetal. [RSC01] usedinterpo-
lation to performinversekinematicsef�ciently .

Postprocessingis often usedto remove unwantedresults
of interpolationsuchas foot sliding [LS99, RCB98]. This
additionaleditingwouldbehardto analyze.Weinsteadpro-
poseanalternative,easyto analyze,techniquethatremoves
foot sliding by interpolatingonly non-redundantdegreesof
freedom.

3. ProblemDescription

Theinterpolationproblemis de�ned asfollows:Givenk hu-
manmotionsM1, M2,...,Mk computemotion M by interpo-
latingtheparametersof theseexamplemotions.Eachmotion
is de�ned asa sequenceof framesM(t) = f Proot (t);Q(t)g,
whereProot (t) is thepositionof therootsegmentof thechar-
acter, Q(t) = f q1(t):::qn(t)g is theorientationof therootand
therelativeanglesof thecharacter's jointsandt = 0::T is the
time of a particularframe.In this work we useEulerangles
to representrotationsalthoughmostof theanalysisis inde-
pendentof therotationrepresentation.

Using a techniqueproposedby a numberof other re-
searchersincluding[RCB98], we computemotionM by in-
terpolatingthe root positionsandall the joint anglesof the
examplemotions.The examplemotionsmustbe scaledin
time, or time-warped,to align key eventssuchasfoot con-
tacts.We usea time-warpingschemesimilar to theonepro-
posedby Roseet al. [RCB98]. We assumethat a set of
matchingkey framesfor the input motionsis provided (ei-
therby theuseror computedautomatically)andthatthemo-
tion segmentsbetweenthesekey framescanbescaleduni-
formly.

In our work, as in most other approachesto interpola-
tion, we automaticallylocatethesekey framesat changes
in the contactwith the environment becausethe physical
laws governing the motion changewith contact.Motions
M1, M2,...,Mk aresplit into phasesbasedonthesekey frames
and the correspondingphasesare interpolated.For exam-
ple,a jumpingmotionwouldconsistof threephases:lift-of f,
�ight andlanding.Additional key framescanbeaddeddur-
ing long contactphasesto betteralign the motionswithout
violating theassumptionsbehindouranalysis.

Wecomputeeachphaseof motionM by interpolatingcor-
respondingphasesof motionsM1, M2,...,Mk with a constant
setof weights,w1, w2,...,wk:

M = w1M1 + w2M2 + ::: + wkMk (1)

whereå k
i= 1wi = 1. Theanalysisin this paperassumesthat

theweightssumto onesoour resultsarelimited to interpo-
lation anddo not generalizeto extrapolation.The analysis
is presentedfor interpolationof only two motions,M1 and
M2 but generalizesto theinterpolationof k motionsbecause
equation1 canberecursively computedby interpolatingtwo
motionsat a time. The weightsfor eachinterpolationsum
to 1 andthe �nal interpolationproducesa motion with the
weightinggivenin equation1.

ConsideraparticularphaseF. At eachtimet of thatphase
wecomputemotionM(t;w) asfollows:

M(t;w) =
�

Proot (t) = wP1root (t1) + (1� w)P2root (t2)
Qi = wQ1i (t1) + (1� w)Q2i (t2); for i = 1::n

(2)

wherew = 0::1 is theinterpolationweight,T1, T2 andT are
thetime of phaseF in motionsM1, M2 andM respectively,
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andt1 = tT1=T andt2 = tT2=T aretime indicesinto motions
M1 andM2.

We usea right-handedcoordinatesystemfor all motions:
thepositiveX axispointsright, theY axispointsup,andthe
negative Z axispointsforward.Positive rotationis counter-
clockwiseabouttheaxisof rotation.

Weanalyzethephysicalcorrectnessof motionscomputed
by linearinterpolationof two motionswith aconstantweight
w. This analysisincludes:(1) the �ight phasesof the mo-
tion, (2) the contactphasesand(3) the transitionsbetween
the �ight and contactphases.During �ight the only force
actingon thecharacteris gravity. During contactthefeetof
thecharactershouldnot slide,contactforcesshouldnot re-
quireanunreasonablyhigh coef�cient of friction, andwhen
the characteris in staticbalance,the centerof massof the
charactershouldfall within thesupportpolygonof thefeet.
Thetransitionbetweencontactand�ight phasesmustmain-
tain continuity(for example,thevelocityandpositionat the
endof the �ight phaseshouldmatchthat at the beginning
of thecontactphase).In thenext threesections,we present
our analysisandsuggestsomeimprovementsover existing
interpolationschemes.

4. Analysisof the �ight phase

In the next two sections,we analyzethe linear andangular
momentumof theinterpolatedmotionduring�ight. Wever-
ify thatduring�ight thenetexternalforceactingonthechar-
acteris gravity andthatfor a restrictedmodelof thecharac-
terangularmomentumis conserved.

4.1. Linear momentumduring �ight

Becausethenetexternalforceactingonthecharacterduring
�ight is gravity, the trajectoryof the centerof massshould
beaparabola:

Rcom(t) = R0com+ V0comt + 0:5Gt2 (3)

whereR0comandV0comarepositionandvelocityof thecenter
of massof the characterat the startof the �ight phaseand
G = (0; � 9:8;0) is theaccelerationdueto gravity.

Figure1 shows the Z componentof the trajectoryof the
centerof masswhen a forward jump with no turn and a
forward jump with a 360 degreeturn are interpolatedus-
ing equation2. Becausegravity only actsin thevertical,Y,
direction,theZ componentshouldbea straightline during
�ight but it is not. The trajectoryappearsto containaddi-
tional forcesthatacton thecharacterduring�ight.

As theexamplein �gure 1 shows, linear interpolationof
therootpositionandthejoint anglesof thecharactercanre-
sult in anon-lineartrajectoryfor thecenterof mass.A sim-
ple �x is to interpolatethecenterof masstrajectoriesinstead
of therootpositions.Therootpositioncanthenbecomputed

Figure 1: TheZ componentof the trajectoryof the center
of massfor: (a) forward jump with no turn (motion M1);
(b) forward jumpwith 360degreeturn (motionM2); (c) the
motionthat resultsfrom interpolatingmotionsM1 and M2.
Vertical bars are usedto indicatethebeginningandending
of the�ight phasefor each motion.Thetrajectoryof thecen-
ter of massof the interpolatedmotionduring �ight is not a
straight line asit shouldbe.

from the new centerof masspositionandjoint angles(see
AppendixA). Theinterpolationequationis now:

M(t;w) =

8
<

:

Pcom(t) = wP1com(t1) + (1� w)P2com(t2)
Qi (t) = wQ1i (t1) + (1� w)Q2i (t2); for i = 1::n
Proot (t) = F(Pcom(t);Q(t))

(4)

whereF is thefunctionthatcomputestherootpositionfrom
the centerof massand the joint angles.With this small
change,we can now prove that the net external force act-
ing on the characterduring �ight is gravity. According to
Newton's secondlaw:

dP
dt

= Fnet = m̄G (5)

whereP is the total linearmomentumof thecharacter, Fnet
is thenetexternalforceactingonthecharacter, m̄ is thetotal
massof thecharacterandG= (0; � 9:8;0) is theacceleration
dueto gravity.

Proof: Linearmomentumof thearticulatedcharacterP =
m̄Vcom. Takingthederivativeof P with respectto time:

dP(t)
dt = m̄Acom(t)

= m̄(wA1com(t1)( T1
T )2 + (1� w)A2com(t2)( T2

T )2)

= w( T1
T )2m̄A1com(t1) + (1� w)( T2

T )2m̄A2com(t2)

= w( T1
T )2m̄G+ (1� w)( T2

T )2m̄G

= m̄G(w( T1
T )2 + (1� w)( T2

T )2)

= m̄G

(6)
The transitionfrom the �rst to the secondline is obtained
by taking secondderivative of the position of the center
of massin equation4 with respectto time (seeAppendix
B). The transitionfrom the secondto the third line is ob-
tainedby rearrangingtermsin the equation.The transition
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Figure 2: Examplefrom�gur e 1 but with the�ight phaseof
theinterpolatedmotioncomputedbyinterpolatingthecenter
of masspositionsof the input motionsinsteadof the root
positionsandwith the timeof the �ight phasecomputedas

T =
q

T2
1 w+ T2

2 (1� w).

from the third to the fourth line is obtainedby substituting
m̄A1com(t1) = m̄Gandm̄A2com(t2) = m̄G. Thissubstitutionis
valid becauseweassumethatmotionsM1 andM2 arephysi-
cally correct.Thetransitionfrom thefourthto the�fth line is
obtainedby rearrangingtermsin theequation.Thetransition
from the�fth to thesixth line is obtainedby substituting:

T =
q

T2
1 w+ T2

2 (1� w) (7)

This equationde�nes the choiceof the time, T, which will
ensurethatgravity is correctduring�ight.

In the literature,the time of an interpolatedmotion has
generallybeencomputedas:T = wT1 + (1� w)T2. But set-
ting time in thisway resultsin scalinggravity by:

wT2
1 + (1� w)T2

2
(wT1 + (1� w)T2)2 (8)

In many casesthiserrorwill besmallandwill notbenotice-
able.ReitsmaandPollard[RP03] determinedthat if gravity
is between� 9:0 and � 12:7 the error is not visible to the
humanobserver.

Figure2 shows theexamplefrom �gure 1 with the inter-
polatedmotionduring the �ight phasecomputedaccording

to equation4 andwith time T =
q

T2
1 w+ T2

2 (1� w). The
Z componentof the trajectoryof the centerof massduring
�ight is now astraightline.

Thedifferencebetweentheinterpolationschemesin equa-
tion 4 andequation2 becomesmostapparentwheninterpo-
lating dissimilarmotions(asin example1) or motionsthat
involve signi�cant movementof the root of the character
with respectto thecenterof massduring�ight. In ourexper-
iments,we foundthatfor many motionslinearinterpolation
of the root resultedin an almostlinear interpolationof the
centerof mass.SeeFigure3 for anexample.

Thepelvisis oftenchosenastherootof thecharacter. Be-
causeit is generallyvery closeto thecenterof massof the

Figure 3: Interpolatinga verysmall forward jump,0.4me-
ters, (motionM1) and a very large forward jump, 2.5 me-
ters, (motionM2). TheZ componentof thecenterof massis
shownfor motionM1, motionM2 andtwo interpolatedmo-
tions,onecomputedby interpolatingroot positionsandone
computedby interpolatingthecenterof masspositions.The
two trajectoriesfor the Z componentof the centerof mass
areverysimilar.

entirebody, it oftenmovessimilarly. Figure4 comparesthe
positionof thecenterof massto thepositionof theroot for
the threemotionsusedin �gures 1 and3. For the forward
jumps,therootmovessimilarly to thecenterof massbut for
thejumpwith a360degreeturn, therootmovesalongadif-
ferenttrajectory. As a result,interpolatingtheroot positions
of two forwardjumpsproducesanaturallookingmotionand
interpolatingtheroot positionsof a forwardjump anda for-
wardjumpwith a turnproducesanunnaturallooking result.

4.2. Angular momentumduring �ight

Becausetheonly forceactingon thesystemduring�ight is
gravity, andgravity actsat the centerof mass,the angular
momentumof thesystemaboutthecenterof massshouldbe
constantduring �ight. In general,angularmomentumwill
not beconstantfor a motioncomputedby interpolatingtwo
arbitrary motions.For example,the upperrow in �gure 5
shows aninterpolationbetweena forwardjump anda verti-
cal jump with a 360degreeturn.Theangularmomentumof
theinterpolatedmotionis not constantduring�ight.

However, evenrelatively large�uctuationsin angularmo-
mentumare often unnoticedby the viewer if they do not
createlarge changesin angularvelocities.Becauseangular
momentum,H, is equal to the productbetweeninertia of
the body and angularvelocity (H = IW), large changesin
angularmomentumresultin smallchangesin angularveloc-
ity if the correspondinginertia is also large. For example,
in �gure 5 (upperrow, rightmostimage)angularmomentum
changessigni�cantly aroundtheX axisbut themotionstill
appearsnatural.Thechangein angularmomentumis hardto
detectbecausetheinertiaaroundtheX axisis large(because
the longitudinalaxis of the body is perpendicularto the X
axis)andtheresultingchangein angularvelocity is small.
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Figure 4: Comparingthecenterof masstrajectoryto theroot trajectoryfor 3 different jumps.Z componentsare shown.Left:
smallforward jump,middle:large forward jump,right: forward jumpwith 360degreeturn. Thesejumpswereusedto compute
theinterpolatedmotionsin �gur es1 and3.

Although the angularmomentumis not necessarilypre-
servedwheninterpolatingtwo arbitrarymotionsit is possi-
ble to show that for a singlerigid body, angularmomentum
is conservedduring �ight if bothmotionsrotatearoundthe
sameprincipal axis or one or both containno rotation. In
many commonmotions,visible rotation(with largeangular
velocity) during �ight is eitherabsent(for example,a short
forward jump or run) or happensaroundonly oneprincipal
axis (for example,a longer forward jump, a �ip or a ver-
tical jump with a turn). Approximatingthecharacterwith a
rigid bodyis notanaccuratemodelfor mostmotionsbut this
proof still providessomeinsightinto whenangularmomen-
tumwill bepreserved.

Proof: If a rigid bodyrotatesaroundaprincipalaxisthen
theangularmomentum,H, is equalto theproductof inertia
of thebodyI , andtheangularvelocityof thebody, Waround
the axis of rotation.Let H1 = I1W1 andH2 = I2W2 be the
angularmomentumfor the�rst andsecondmotionsrespec-
tively. If we interpolatethecenterof masspositionsandthe
rotationangles,the angularmomentumof the interpolated
motionis

H = I3W= I3(wW1
T1

T
+ (1� w)W2

T2

T
) = constant (9)

TheangularmomentumH is constantbecauseI3, W1 andW2
areconstantduring�ight.

Thebottomrow of �gure 5 showstheangularmomentum
for a motioncomputedby interpolatingtwo forwardjumps.
Becausebothjumpsinvolve a rotationaroundthesameaxis
theangularmomentumin theresultingmotionremainsrela-
tively constantduring�ight.

5. Analysisof the contactphase

In this section,we analyzethe physical correctnessof the
motionwhileoneorbothfeetarein contactwith theenviron-
ment.The following conditionsshouldhold for the motion
to be physically valid: (1) the feet of the charactershould
not slide; (2) whenthecharacteris in staticbalanceits cen-
terof massshouldfall within thesupportpolygonof thefeet;
(3) the contactforcesthat correspondto the motion should

Figure 6: (a)Two posesof a simpli�ed character that have
thesamecontactare interpolatedwith weightw = 0:5. The
resultingposepenetratestheground.(b) Theredundantde-
greesof freedomof each leg canbeintuitivelyparameterized
byoneparameter, F , that representsthe“kneecircle” of the
leg.

not requireanunreasonablyhigh coef�cient of friction. We
now analyzeeachof theserequirements.

5.1. Non-sliding Foot Contact

We assumethat whenoneor both feet of the characterare
in contactwith the ground,the positionof the feet should
not move (thecharacterdoesnot slip). This condition,how-
ever, doesnot hold for eitherthe centerof massor root in-
terpolationschemespresentedabove.Considertheexample
in �gure 6(a): two posesof a simpli�ed characterthathave
thesamecontactpoint areinterpolatedwith weightw = 0:5
resultingin a foot positionbelow theground.

Other researchershave addressedthis problemby root-
ing the characterat a foot that is in contact.This solution
works well whenthereis only onefoot in contactbut may
resultin sliding of theotherfoot if thatotherfoot is alsoin
contact.In general,preservingthecontactpositionsof both
feetandcomputingjoint anglesvia interpolationis not pos-
siblebecausethesystemis over-constrained.A commonso-
lution is to to eliminatefoot sliding in the interpolatedmo-
tion with a post processingstep(see,for example[LS99]
and[RCB98]). This additionaleditingwould behardto an-
alyzefor physicalvalidity.

An alternative solutionthat preservesphysicsis to inter-
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Figure 5: Upperrow, fromleft to right: Angularmomentumcurvesfor a forward jump,a vertical jumpwith a 360degreeturn
abouttheverticalaxisanda motioncomputedbyinterpolatingthosemotions.Lowerrow, fromleft to right: Angularmomentum
curvesfor a smallforward jump,a verylarge forward jumpanda motioncomputedby interpolatingthosemotions.X, Y andZ
componentsof angularmomentumareshownfor each graph.Theshadedarearepresentsthe�ight phase.

polateonly thenon-redundantdegreesof freedom(dofs)of
thecharacterandtheconstraints.Eachconstraintreducesthe
numberof availabledofs.Therefore,if the characterorigi-
nally hadn+ 3 dofs (n rotationaland3 translational),then
whenbothfeetarein contact,thenumberof degreesof free-
domis reducedby 12. KoreinandBadler[KB82] andlater
LeeandShin[LS99] showedthatthedegreesof freedomof
aleg in contactwith thegroundcanbecontrolledby justone
parameter, F , assumingthatthehip positionof theleg is also
known. Intuitively, that parameterrepresentsthe “knee cir-
cle” of theleg (�gure 6(b)).Thus,whenbothlegsarein con-
tact the non-redundantdegreesof freedomof the character
are(1) root position;(2) all thejoint anglesof thecharacter
except the legs; and(3) two “knee circle” parameters,one
for eachleg. We can now interpolatethesenon-redundant
degreesof freedomandtheconstraintsthatincludetheposi-
tionsandorientationsof bothfeetandthefeetwill notslide.

Becausethereisnorealadvantagein interpolatingtheroot
asopposedto interpolatingthecenterof massontheground,
wecaninterpolatethecenterof massaswedid for the�ight
phase:

M(t;w) =

8
>><

>>:

Pcom(t) = wP1com(t1) + (1� w)P2com(t2)
Qnri (t) = wQnr1i (t1) + (1� w)Qnr2i (t2)
Cj (t) = wC1j (t1) + (1� w)C2j (t2)
Proot (t) = F2(Pcom(t);Qnr(t);C(t))

(10)

whereQnri arethenon-redundantdofsof thecharacternot
including the root,Cj areconstraintssuchasfeet positions
andorientations,andF2 is the function that computesthe
root positionof thecharacterfrom thecenterof massposi-

tion, non-redundantdofsandtheconstraints(seeAppendix
C for details).To preserve continuityof themotion,we use
equation10 independentof whetherone foot or both feet
arein contact.With this interpolationscheme,the feet will
notslideduringcontactandwecanprove thatthestaticbal-
anceconditionholdsandthatthegroundreactionforcesare
within thefriction cone.

5.2. Static Balance

Static balanceexists when the projectionof the centerof
massof thecharacteronto thegroundis within thesupport
polygonof thefeet.Wedonotassumethatinputmotionsare
staticallybalancedbut we show that if they are,theinterpo-
latedmotionis aswell. WeassumethatM1 andM2 have the
samesupportpolygon.

Thepositionof thecenterof massof theinterpolatedmo-
tion at time t is equalto the interpolationof the centerof
massof motionM1 attimet1 andof centerof massof motion
M2 at timet2 (equation10). Therefore,thecenterof massof
theinterpolatedmotion,Pcom, will lie onasegmentconnect-
ing pointsP1com andP2com. The projectionof Pcom onto a
planeof contactwill also lie on a segmentconnectingthe
projectionsof P1com andP2com. Let uscall theseprojections
Pg

com, Pg
1com andPg

2com, then:

Pg
com(t) = wPg

1com(t1) + (1� w)Pg
2com(t2) (11)

BecausePg
1com andPg

2com lie within the supportpolygonof
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Figure 7: (a) The ground reaction force must fall within
a friction coneorientedalong the contactnormal. (b) The
tangential, Fgr f

t , and the normal, Fgr f
n , componentsof the

groundreactionforce.

thefeet,Pg
comwill alsolie within thesupportpolygonassum-

ing thesupportpolygonis convex and0 � w � 1.

5.3. Friction cone

For themotionto bephysicallyvalid, groundcontactshould
not requireanunreasonablyhigh coef�cient of friction. We
useaCoulombfriction modelto analyzethegroundcontact.
If contactingsurfacesdonotmovewith respectto eachother
(static friction) the ratio of the absolutevaluesof the tan-
gential componentof the groundreactionforce, Fgr f

t , and
the normal componentof the groundreactionforce, Fgr f

n ,
shouldbesmallerthanthecoef�cient of staticfriction:

Fgr f
t (t)

Fgr f
n (t)

< ms (12)

Geometricallythisconstraintmeansthatthegroundreaction
forcemustfall within a friction coneorientedalongthecon-
tactnormal(�gure 7).

Assumingasinglesupportpolygon,Newton'ssecondlaw
saysthatthegroundreactionforce,Fgr f (t) is

Fgr f (t) = m̄Acom(t) � m̄G (13)

wherem̄ is the total massof the system,Acom(t) is the ac-
celerationof the centerof massof the systemand G =
(0; � 9:8;0) is the accelerationdue to gravity. The ground
reactionforceof the interpolatedmotioncomputedaccord-
ing to equation10 is aninterpolationof thegroundreaction
forcesof motionsM1 andM2 (seeAppendixD for theproof):

Fgr f (t) = wFgr f
1 (t1)

�
T1

T

� 2

+ (1� w)Fgr f
2 (t2)

�
T2

T

� 2

(14)

The proof requiresthat we set the time T of the contact

phaseas T =
q

T2
1 w+ T2

2 (1� w), which is the samefor-
mulaweusedfor the�ight phase.Now weneedto show that
equation12 holds for the interpolatedmotion. From equa-
tion 14, weknow thatthetangentialandnormalcomponents
of thegroundreactionforcecanbecomputedby interpolat-

Figure 8: Interpolationbetweena long forward jump and
a forward jump with a 360 degreeturn (weightw = 0:75).
Motionsareshownschematically:thecenterof massis pro-
jectedonto the ground; the arrowsrepresentthe facing di-
rectionof thecharacter.

ing thecorrespondingcomponentsof motionsM1 andM2:

Fgr f
t (t)

Fgr f
n (t)

=
wFgr f

t1 (t1)( T1
T )2 + (1� w)Fgr f

t2 (t2)( T2
T )2

wFgr f
n1 (t1)( T1

T )2 + (1� w)Fgr f
n2 (t2)( T2

T )2
(15)

To show that equation12 holdsfor the interpolatedmo-
tion we �rst show that for any positive numbersa,b,c and
d, if a

b < mand c
d < mthen a+ c

b+ d < m(seeAppendixE for
theproof).Fromthisresult,andbecauseweknow thatequa-
tion 12 holdsfor motionsM1 andM2 we canconcludethat
equation12holdsfor theinterpolatedmotion.

6. Transition betweenphases

We have analyzedthe motion of the characterduring �ight
andcontactphasesindependentlysowealsoneedto analyze
the continuity of the motion acrossthe transitionbetween
phases.Thecontinuityof thepositionof thecenterof mass
follows trivially from the fact that it is computedby inter-
polating the centerof massof motionsM1 and M2 which
are themselves assumedto be continuous.The velocity of
the centerof massmay be discontinuousduring the transi-
tion becausedifferenttime scalingsareappliedto adjacent
phases.We have found, however, that this discontinuityis
notnoticeablein practice.

Motions with rotation during the �ight phase,however,
mayhavesigni�cant discontinuitiesatthetransitionbetween
�ight andstancephasesbecausetheorientationof theinter-
polatedmotion may not matchthat of the original motions
after the �ight phase.For example,considerthe interpola-
tion of a long forwardjumpwith a forwardjumpwith a360
degreeturn(schematicallyshown in �gure 8). In theoriginal
motionsthecharacterlandsfacingthepositive Z axisbut in
the interpolatedmotion, the characterlandsfacingthe pos-
itive X axis (rotated90 degreesclockwiseaboutvertical).
Both theoriginal interpolationscheme(equation2) andthe
modi�ed scheme(equation10) will haveproblemswith this
transition.The resultingmotion will have eithersigni�cant
foot sliding becausethe motion of the root doesnot match
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themotionof the joint anglesor a discontinuityin the joint
angles.

To reducetheseproblems,the subsequentmotion of the
root (or centerof mass)in the original motionscanbe ro-
tatedto align themwith the interpolatedmotion at the end
of the �ight phase.This operationbrings the root motion
into alignmentwith thecharacter's facingdirectionandjoint
movementsbut it mayintroduceadiscontinuityin theveloc-
ity of thecenterof mass.Forexample,in �gure 8, thelanding
velocityof thecenterof massfor theinterpolatedmotionwill
berotatedinstantaneouslyby 90 degreesin thetransitionto
the stancephase.The discontinuitywill be small whenthe
requiredrotationsaresmallor thegroundplanecomponents
of the velocity at landing,Vlanding, aresmall.The problem
will be worsefor motionswith morecomplicatedrotations
suchasforwardor twisting �ips.

7. Summary of Analysis

We have madethreechangesto theinterpolationschemeof
equation2: (1)during�ight weinterpolatethecenterof mass
positionsinsteadof the root positions;(2) during ground
contactwe interpolatethe positionsof the feet, the center
of masspositionsandall non-redundantdegreesof freedom
to preventthefeetfrom slidingontheground;(3) thetiming

of eachphaseis computedasT =
q

T2
1 w+ T2

2 (1� w). With
thesechanges,we canprove the following propertiesabout
thephysicalcorrectnessof theinterpolatedmotion:

� Thenetforceactingon thecharacterduring�ight will be
equalto gravity.

� Duringcontact,thefeetof thecharacterwill not slide.
� If thecharacteris balancedin theoriginalmotions,it will

alsobebalancedin theinterpolatedmotion.
� If the groundreactionforce in both original motionsis

within thefriction cone,it will alsobewithin thefriction
conefor theinterpolatedmotion.

� If we interpolatetwo motionsthatdo not have visible ro-
tation during the �ight phases(for example,runs,short
forward jumpsandvertical jumps)or motionsthat rotate
aboutapproximatelythesameprincipalaxis(for example,
�ips andlongerforward jumps),the angularmomentum
in theinterpolatedmotionwill becloseto constantduring
�ight. Thisanalysisof angularmomentumholdswhenthe
charactercanbereasonablyapproximatedby arigid body
during�ight.

� If we interpolatetwo motionsthateither(1) do not have
visible rotationduring their �ight phasesor (2) rotateby
approximatelythe sameangleaboutthe vertical axis in
both original motionsor (3) occurmostly in the vertical
direction (for example,a vertical jump), then the conti-
nuity of the velocity of the centerof masswill be pre-
servedduringthetransitionfrom �ight to contact(ignor-
ing thediscontinuitydueto differencesin time scalingof
two phases).

8. Experimental results

Our experimental results consist of two parts. We �rst
demonstratethata varietyof dynamicalandnon-dynamical
motionscanbesuccessfullyinterpolatedto generaterealistic
lookingmotions.Themotionsaregeneratedby interpolating
thetrajectoriesof thecenterof massandjoint anglesduring
the �ight phasesand during the stancephasesplacing the
root at oneof the feet in contactandinterpolatingthe root
andjoint angles.Themotionsarealsoalignedasdescribed
in section6. Themotionsareall includedin theaccompany-
ing video.

Weperformedthefollowing experiments:(1) theinterpo-
lation of two forward jumpsof very different lengthswith
no rotation; (2) the interpolationof two forward jumps of
differentlengths,eachwith a90degreeturn; (3) theinterpo-
lationof two verticaljumpsof differentheightsanddifferent
amountsof rotation;(4) the interpolationof two motionsin
which theactorsteppedover obstaclesof differentheights;
(5) theinterpolationof runninganda runningjump. In each
of theseexperiments,theoriginalmotionshadtheproperties
requiredto guaranteethe physical correctnessof the inter-
polatedmotionsaccordingto our analysis.Theinterpolated
motionsdid indeedlook visually realistic.

We alsocomparelinearinterpolationusingroot positions
during a �ight with interpolationusing the positionof the
centerof mass.We interpolatedroot andcenterof massfor
a forwardjumpwith no turnandforwardjumpwith 360de-
greeturn(theexamplein �gure 1). This interpolationresults
in unnaturalmotionduringthe �ight phaseif theroot is in-
terpolatedandnaturallooking motion if the centerof mass
is interpolated.

Interpolationof either the centerof massposition or of
theroot positionmaycausethefeetto slideor penetratethe
ground.We demonstratedthis by interpolatingmotionsof a
personsitting down on two seatsof differentheights.Inter-
polatingrootpositionresultsin signi�cant slidingof thefeet.
Evensimplyplacingtherootatonefoot of thecharactersig-
ni�cantly reducestheproblemalthoughthesecondfoot still
movesslightly with respectto theground.

Ourlastexperimentdemonstratedthatif twomotionswith
differentamountsof rotationareinterpolatedtheremay be
a visible discontinuityin the velocity of centerof massat
landing(section6). This phenomenais demonstratedon the
interpolationof a forward jump anda vertical jump with a
360degreesturn.Theresultingmotionis quiteunnatural.

9. Discussion

We, like otherswho have experimentedwith interpolation,
have observedthat thematchingof key eventsis crucial for
goodresults.Somekey eventssuchasfoot contactarerel-
atively easyto detectautomatically. Otherssuchasoscilla-
tions in arm swing, aremoredif�cult to detectandmatch
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accurately. However, if two jumpsareinterpolated,onewith
a doublearm swing during the landingphaseandonewith
a singlearm swing, the resultingmotion will not be natu-
ral. Problemssuchas this will have to be addressedin an
automaticfashionto make interpolationusefulin situations
where the details of the original motions are not a good
match.

The analysispresentedhereonly looked at physical cor-
rectness.It will not catchunnaturalmotionslike the ones
describedin the previous paragraphor intersectionsof the
segmentsof the body that will sometimesarisewhen two
naturalmotionsare interpolated.Thoseerrorswill have to
be detectedand �x ed usingediting techniqueswhich may
themselvesintroduceerrorsin thephysicalcorrectnessof the
motion.

In ouranalysisweassumeda timewarpingbasedonaset
of matchingkeys. A methodfor performingdynamictime
warpingis presentedin [KG03]. Our analysiscannotbedi-
rectly appliedto this approachbut it might be possibleto
extendtheanalysis.

Thispaperanalyzesanumberof physicalpropertiesof the
interpolatedmotion.Anotherphysical propertythat should
be satis�ed during contact is that the centerof pressure
shouldfall within thesupportpolygonof thefeet.

Theresultspresentedhereleadto anumberof interesting
further questions.First, in situationsin which the interpo-
latedmotion is not going to be physically correct,we need
betterguidelineson how mucherror is acceptable.Reitsma
andPollardtookastepin thatdirection[RP03] andobserved
that errorsin horizontalvelocity wereeasierto detectthan
errorsin vertical velocity but we needa muchmorecom-
pleteunderstandingof what errorswill be perceptibleand
whichwill notbenoticed.

For example,the angularmomentumof the interpolated
motion is not conserved during �ight in the generalcase.
Fromourexperiments,however, evenrelatively large�uctu-
ationsin angularmomentumarenot noticedby the viewer
if they do not result in large changesin angularvelocities.
A deeperunderstandingof this observationmight beuseful
in developingbetterguidelinesfor interpolation.Similarly,
it wouldbeusefulto haveaguidelinefor whenthedisconti-
nuity in thetransitionsfrom �ight to stancewill bevisible.
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Appendix A: Giventhepositionof thecenterof massof the

character, Pcom, andthevaluesof all joint angles,Qi , i = 1::n,
wecomputethepositionof therootof thecharacter, Proot as
follows: (1) for thegivenQi computethecenterof massof
thecharacter, P0

comassumingthattherootis attheorigin; this
calculationgivesus the relative positionof the root of the
characterwith respectto thecenterof massof thecharacter;
(2) computerootposition:Proot = Pcom� P0

com.

Appendix B: The velocity of centerof massis computed
by takingthederivative of thepositionof thecenterof mass
in equation4 with respectto time.Similarly, accelerationof
centerof massis computedby taking the derivative of the
velocity:

Vcom(t) = dPcom(t)
dt

= d(wP1com(t1)+( 1� w)P2com(t2))
dt

= wV1com(t1) T1
T + (1� w)V2com(t2) T2

T

(16)

Acom(t) = dVcom(t)
dt

= d(wV1com(t1)
T1
T +( 1� w)V2com(t2)

T2
T )

dt

= wA1com(t1)( T1
T )2 + (1� w)V2com(t2)( T2

T )2

(17)

wherew = 0::1 is theinterpolationweight,T1, T2 andT are
theoverall time of phaseF in motionsM1, M2 andM. t1 =
tT1=T andt2 = tT2=T arescaledtime indicesinto motions
M1 andM2.

Appendix C: To obtaintherootpositiongiventhecenterof
massposition,thevaluesof all non-redundantdofsandthe
valuesof constraints,suchasfeet positionandorientation,
we �rst notethat thecenterof massof thecharactercanbe
decomposedinto thesummationof threequantities:thecen-
terof massfor theupperbody, Pupcom, for theleft leg, Pl lcom
andfor theright leg, Prlcom. Thecenterof massof theentire
body, Pcom, is thenPcom = PupcomMupcom+ Pl lcomMl lcom+
PrlcomMrlcom. In this derivation we assumeboth legs arein
contactbut whenonly oneleg is in contactthederivationis
very similar. Thepositionof thecenterof massof theupper
body canbe re-expressedin termsof the root position(an
unknown) andthecenterof massof theupperbodyassum-
ing theroot is at theorigin (seeAppendixA):

Pcom= (Proot + P0
upcom)Mupcom+ Pl lcomMl lcom+ PrlcomMrlcom (18)

The position of the centerof massfor a leg can be ex-
pressedin termsof thepositionof theroot, thepositionof a
kneejoint andthepositionof thefoot joint. For example,for
theleft leg

Pl lcom= 2Proot + 2=3(Plknee� Proot ) + 1=2(Pl f oot � Plknee) + Pl f com
(19)

wherePlknee is the positionof the left kneejoint, Pl f oot is
the positionof the left foot joint andPl f com is the position
of the centerof massof the left foot. Plknee in its turn can
re-expressedas a function Proot as was shown in [KB82],
leaving us with Proot as the only unknown in equation18.
Solvingtheequationfor Proot (eitheranalyticallyif possible
or numericallyif not)will giveusthedesiredresult.
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Appendix D: It canbeshown thatgroundreactionforceof
an interpolatedmotion computedaccordingto equation10
is a time-scaledinterpolationof the groundreactionforces
of motionsM1 andM2 if wecomputetimeT for thatcontact

phaseasT =
q

T2
1 w+ T2

2 (1� w):

Fgr f (t) = Fgr f
1 (t1)(

T1

T
)2w+ Fgr f

2 (t2)(
T2

T
)2(1� w) (20)

Proof: Assuminga singlesupportpolygon,by Newton's
secondlaw thegroundreactionforce,Fgr f (t) is

Fgr f (t) = m̄Acom(t) � m̄G (21)

wherem̄ is the total massof the system,Acom(t) is the ac-
celerationof the centerof massof the systemand G =
(0; � 9:8;0) is an accelerationdue to gravity. Substituting
equation17 into 21yields:

Fgr f (t) = m̄A1com(t1)(
T1

T
)2w+ m̄A2com(t2)(

T2

T
)2(1� w) � m̄G

(22)

FromNewton's secondlaw m̄A1com(t1) = Fgr f
1 (t1) + m̄G

andm̄A2com(t2) = Fgr f
2 (t2) + m̄G. Substitutingthis into the

equationabove:

Fgr f (t) = (Fgr f
1 (t1) + m̄G)( T1

T )2w+

(Fgr f
2 (t2) + m̄G)( T2

T )2(1� w) � m̄G
(23)

Rearrangingthetermswehave:

Fgr f (t) = Fgr f
1 (t1)( T1

T )2w+ Fgr f
2 (t2)( T2

T )2(1� w)+

m̄G( T2
1 w+ T2

2 (1� w)
T2 ) � m̄G

(24)

BecauseT =
q

T2
1 w+ T2

2 (1� w), the ground reaction
force for the interpolatedmotion is the interpolation of
groundreactionforcesfrom �rst andsecondmotions:

Fgr f (t) = Fgr f
1 (t1)(

T1

T
)2w+ Fgr f

2 (t2)(
T2

T
)2(1� w) (25)

Appendix E It is easyto show thatfor any positivenumbers
a,b,c andd, if a

b < mand c
d < mthen a+ c

b+ d < m.

Adding equationsa < mb andc < md togetherwe have:
(a+ c) < m(b+ d). Now rearrangingtermsyields: a+ c

b+ d < m
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