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Abstract

Two humanmotionscan be linearly interpolatedto producea new motion,giving the animatorcontrol over the
lengthof a jump,the speedof walking or the heightof a kick. Overthe pasttenyeairs, this simpletechniquehas
beenshownto producesurprisinglynatural lookingresults.In this paper we analyzethe motionsproducedby this
techniquefor physicalcorrectnessnd suggestsmallmodi cationsto the standad interpolationtechniquethatin
somecircumstancewill producesigni cantly more natural lookingmotion.

Categoriesand SubjectDescriptors(accordingto ACM CCS} 1.3.7 [Three-DimensionaGraphicsand Realism]:

Animation

1. Intr oduction

Overthepasttenyears,nterpolationof motioncapturedata
hasbeenshowvn to be a very powerful techniquefor gen-
eratinghigh quality and naturallooking motion. This tech-
nique is successfuin part becausehe naturalnesof the
original motionsis not destrgyed by the relatively small
changesmadein the processof interpolation. However,

larger changesnay also producenaturallooking motion if

interpolationis performedwithin awell-de ned classof be-
haviors suchaskicking [KG04] or walking [RCB9§ where
signi cant eventssuchasfoot contactcanbealigned.

For theselarger changesin particular it is not immedi-
ately obvious why interpolationshouldproducesuchgood
results. For example, straightforvard linear interpolation
couldwell introducevisually apparenerrorsin the physics
of themotion.In this paperwe analyzethe physicalcorrect-
nessof motionscreatedby interpolatinga few, presumably
physically correct,humanmotions.

We analyzetheinterpolatedmotionin termsof a number
of basicphysical properties(1) linearandangularmomen-
tumduring ight; (2) foot contact staticbalanceandfriction
with thegroundduringstance(3) continuity of positionand
velocity betweernphasesWe assumehat the motionsused
for interpolationarephysically correctthemseles,have the
sameskeleton,canbealignedin time by picking correspond-

¢ TheEurographic#ssociation2005.

ing key eventsandthatlinearinterpolationis usedto inter
polateparametersf motionsbetweerthesekey events.

Our analysisshavs that with a few simplemodi cations
to the straightforvard interpolationtechniqueproposedby
others,we can prove that thesephysical propertiesare sat-
is ed for a wide rangeof differentkinds of motions.The
interpolatedmotion will satisfythesephysical propertiesf
themotionsusedfor interpolationdo notincludesigni cant
rotationduring the ight phase(runs, forward andvertical
jumps,for example),rotatearoundapproximatelythe same
principal axis by approximatelythe sameamount(jumps
with turns,for example)or have no ight phase(walks or
kicks, for example).

The analysis presentedin this paper should at least
partially resohe a concernthat has been raised about
interpolation—thait is notasuitabletechniqudor highly dy-
namic motionsbecauséhe physics of the resultingmotion
is incorrect.While the main contrikution of the paperliesin
its analysis,the few simple modi cations to the interpola-
tion schemehatwe describecanalsosigni cantly improve
the visual quality of certainclassef interpolatedmotions
while guaranteeingheir physicalcorrectness.

2. Background

Interpolationis acomponenof mary differentapproache®
modeling,editing, andsynthesizindhumanmotions.In this
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section,however, we focuson researctthat usesinterpola-
tion asa standalondechnigueasthis is whenour analysis
shouldprovide insight. The key propertiesof suchinterpo-
lation techniquesarethe amountof datato be interpolated,
the selectionmethodfor thatdata,how the key eventsin the
motionsare alignedin time, and the representatiorf the
motionsusedfor interpolation.

Perlin [Per93 proposedone of the rst systemsthat
included interpolation.He usedblending operationson a
set of basemotions to create nev motions and transi-
tions betweenthem. Wiley and Hahn [WH97] and Guo
and Robege [GR9]G usedlinear interpolationon a set of
hand-selectedxample motionsto producemodi ed mo-
tionswithin thatset.For example Wiley andHahnwereable
to interpolateamonga setof reachingandpointing motions
to have the charactepoint to otherplacesin the spaceThe
setof examplemotionswasquite smallin this work asmo-
tion capturedatawasnotyet easyto obtain.

Roseand his colleaguegRCB9g implementeda very
impressve systemthat usedradial basisfunctionsto repre-
sentmotionsfor interpolation.The motionsincludeda set
of walks andruns of varying speedand emotion.The key
eventsin the motionswereselectedy handsothatthe mo-
tionscouldbeappropriatehalignedin timefor interpolation.

Kovar and Gleicher [KG04] addeda searchtechnique
for identifying a set of motionswith similar time events
that could then be interpolated.They also presentedech-
niquesfor automaticallyregisteringthe motionsfor interpo-
lation[KGO03].

Linear interpolationhas beenusedextensively for cre-
ating transitionsbetweenmotions[WB04, RCB9§ Per93j.
Transitionsarecreatedby blendingportionsof two motions
with a weight that changesver time. The analysisin this
paper however, assumes constantweight function andis
thereforenot applicableto transitions.

Abeetal. [ALP04] usedoptimizationto synthesizeafam-
ily of highly dynamicmotionsbasedn a givenmotioncap-
ture clip and then interpolatedto createintermediatemo-
tions.They obseredthatthespaceof motionsdoesnotneed
to be sampledvery denselyfor the optimizationto produce
goodresults.Theanalysisin this paperjusti es their empir
ical obsenation.

Interpolationhasalsobeenusedto solve otherproblems
in animation.For example,Park andhis colleague§PSS02
usedinterpolationfor on-the-y generationof locomotion
basedbn userparametersRoseetal. [RSCO0] usedinterpo-
lationto performinversekinematicsef ciently .

Postprocessing often usedto remave unwantedresults
of interpolationsuchas foot sliding [LS99 RCB9§. This
additionaleditingwould be hardto analyze We insteadpro-
poseanalternatve, easyto analyzetechniquethatremoves
foot sliding by interpolatingonly non-redundantlegreesof
freedom.

3. Problem Description

Theinterpolationproblemis de ned asfollows: Givenk hu-

manmotionsM1, My,... M computemotion M by interpo-
latingtheparametersf theseexamplemotions Eachmotion
is de ned asa sequencef framesM(t) = f Pou(t); Q(t)a,

wherePoq (t) is thepositionof theroot segmentof thechar

acter Q(t) = f gy (t):::qn(t)gis theorientationof therootand
therelative anglesof thecharactesjointsandt = 0::T isthe
time of a particularframe.In this work we useEulerangles
to representotationsalthoughmostof the analysisis inde-
pendenbf therotationrepresentation.

Using a techniqueproposedby a numberof other re-
searcherincluding[RCB9§, we computemotionM by in-
terpolatingthe root positionsandall the joint anglesof the
examplemotions. The examplemotionsmustbe scaledin
time, or time-warped,to align key eventssuchasfoot con-
tacts.We usea time-warpingschemesimilar to the onepro-
posedby Roseet al. [RCB9g. We assumethat a set of
matchingkey framesfor the input motionsis provided (ei-
therby theuseror computecautomatically)andthatthemo-
tion sggmentsbetweerthesekey framescanbe scaleduni-
formly.

In our work, asin most other approachego interpola-
tion, we automaticallylocatethesekey framesat changes
in the contactwith the ervironmentbecausehe physical
laws governing the motion changewith contact.Motions
M1, Ma,... M aresplitinto phasedasednthesekey frames
and the correspondingphasesare interpolated.For exam-
ple,ajumpingmotionwould consisiof threephasestift-off,

ight andlanding.Additional key framescanbe addeddur-
ing long contactphasedo betteralign the motionswithout
violating the assumptiondehindour analysis.

We computeeachphaseof motionM by interpolatingcor
respondingphase®f motionsM1, Ma,... My with a constant
setof weights,w1, Wa,... W:

M = wiM71 + WoMy + 11+ WM Q)

Whereérzlwi = 1. Theanalysisin this paperassumeshat
theweightssumto oneso our resultsarelimited to interpo-
lation and do not generalizeto extrapolation.The analysis
is presentedor interpolationof only two motions,M; and
M, but generalizeso theinterpolationof k motionsbecause
equationl canberecursvely computeddy interpolatingtwo
motionsat a time. The weightsfor eachinterpolationsum
to 1 andthe nal interpolationproducesa motion with the
weightinggivenin equationl.

Considemparticularphase-. At eachtimet of thatphase
we computemotionM(t; w) asfollows:

Proa(t) = WProa (t1) + (1 W)Poroa(t2)

Q= wQi(t) + (1 w)Qqa(tz); fori= 1in
wherew = 0::1is theinterpolationweight, T, T, andT are
thetime of phaseF in motionsM1, M, andM respectiely,

M(t;w) = 2
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andt; = tT{=T andt, = tT,=T aretimeindicesinto motions
M1 andMo.

We usearight-handedcoordinatesystemfor all motions:
thepositive X axispointsright, theY axispointsup, andthe
negative Z axis pointsforward. Positive rotationis counter
clockwiseaboutthe axis of rotation.

We analyzethe physicalcorrectnessf motionscomputed
by linearinterpolationof two motionswith aconstantveight
w. This analysisincludes:(1) the ight phasesf the mo-
tion, (2) the contactphasesand(3) the transitionsbetween
the ight and contactphasesDuring ight the only force
actingon the characteis gravity. During contactthe feet of
the charactesshouldnot slide, contactforcesshouldnot re-
quireanunreasonabligh coefcient of friction, andwhen
the characteiis in static balance the centerof massof the
characteshouldfall within the supportpolygonof thefeet.
Thetransitionbetweercontactand ight phasesnustmain-
tain continuity (for example the velocity andpositionatthe
endof the ight phaseshouldmatchthat at the beginning
of the contactphase)In the next threesectionswe present
our analysisand suggessomeimprovementsover existing
interpolationschemes.

4. Analysisof the ight phase

In the next two sectionswe analyzethe linear andangular
momentunof theinterpolatednotionduring ight. We ver-
ify thatduring ight thenetexternalforceactingonthechar
acteris gravity andthatfor arestrictedmodelof the charac-
terangulaimomenturris consered.

4.1. Linear momentumduring ight

Becausehenetexternalforceactingonthecharacteduring
ight is gravity, the trajectoryof the centerof massshould
beaparabola:

Reom(t) = Rocom* Vocont + 0:5Gt? (3)

whereRycomandVocomarepositionandvelocity of thecenter
of massof the charactemt the startof the ight phaseand
G= (0; 9:8;0) istheacceleratiordueto gravity.

Figure 1 shawvs the Z componenbf the trajectoryof the
centerof masswhen a forward jump with no turn and a
forward jump with a 360 degreeturn are interpolatedus-
ing equation2. Becausaravity only actsin the vertical,Y,
direction,the Z componenshouldbe a straightline during

ight but it is not. The trajectoryappeardo containaddi-
tional forcesthatacton thecharacteduring ight.

As theexamplein gure 1 shaws, linear interpolationof
theroot positionandthejoint anglesof thecharactecanre-
sultin anon-lineartrajectoryfor the centerof massA sim-
ple x istointerpolatehecenterof masdrajectoriesnstead
of therootpositions.Therootpositioncanthenbecomputed
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Figure 1: TheZ componenof the trajectory of the center
of massfor: (a) forward jump with no turn (motion M1);

(b) forward jumpwith 360degreeturn (motionM,); (c) the
motionthat resultsfrom interpolatingmotionsM1 and M.

\ertical bars are usedto indicatethe beginning and ending
ofthe ight phasefor each motion.Thetrajectoryof thecen-
ter of massof the interpolatedmotionduring ight is nota
straightline asit shouldbe

from the new centerof masspositionandjoint angles(see
AppendixA). Theinterpolationequationis now:

g Peom(t) = WPicom(t1) + (1 W)Pacon(t2)
M(t;w) = Qi(t) = wQqi(ty) + (1 w)Qyi(tp); fori= 1:n (4)
Proa (t) = F(Peom(t); Q(1))

whereF is thefunctionthatcomputegheroot positionfrom
the centerof massand the joint angles.With this small
changewe cannow prove that the net external force act-
ing on the characterduring ight is gravity. Accordingto
Newton's secondaw:

dP _ o
o = Fna = MG (5)

whereP is the total linear momentumof the characterFng
is thenetexternalforceactingonthecharactemis thetotal
massf thecharacteandG = (0; 9:8;0) istheacceleration
dueto gravity.

Proof: Linearmomentunof thearticulatedcharacteP =
mVeom Takingthederivative of P with respecto time:

G = MAon)

= MWALCom(t)(F)?+ (1 W)Agcon(t2)(F)2)

= W(P)?MAscon(ts) + (1 W)( )2 MAcon(t)

= WG+ (1 wW)(F)?MmG

= meW(H)%+ (1 wW)($)?)

= mG

(6)

The transitionfrom the rst to the secondline is obtained
by taking secondderivative of the position of the center
of massin equation4 with respectto time (seeAppendix

B). The transitionfrom the secondto the third line is ob-
tainedby rearrangingermsin the equation.The transition
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Figure 2: Examplefrom gure 1 but with the ight phaseof
theinterpolatedmotioncomputedy interpolatingthecenter
of masspositionsof the input motionsinsteadof the root
posiﬁonsandwith thetime of the ight phasecomputecas

T= T2w+ T w).

from the third to the fourth line is obtainedby substituting
MAcon(t1) = MGandmApcon(tz) = MG. Thissubstitutioris
valid becausave assumehatmotionsM1 andM- arephysi-
cally correct.Thetransitionfrom thefourthto the fth lineis
obtainedby rearrangindermsin theequationThetransition
from the fth to thesixthline is obtainedby substituting:
q__

T= TAw+T2(1 w) (7)
This equationde nes the choiceof thetime, T, which will
ensurehatgravity is correctduring ight.

In the literature,the time of an interpolatedmotion has
generallybeencomputedas:T = wT; + (1 w)T,. But set-
ting time in this way resultsin scalinggravity by:

WTZ+ (1 wTZ 8
Wi (1 W2 ®

In mary caseghiserrorwill besmallandwill notbenotice-
able.ReitsmaandPollard[RP0O3 determinedhatif gravity
is between 9:0 and 127 the error is not visible to the
humanobserer.

Figure 2 shavs the examplefrom gure 1 with theinter-
polatedmotion duringthe ight pialasecomputecbccording

to equation4 andwith time T = T2w+ TZ(1 w). The

Z componenbf the trajectoryof the centerof massduring
ight is now astraightline.

Thedifferencebetweertheinterpolationrschemei equa-
tion 4 andequation2 becomesnostapparentvheninterpo-
lating dissimilarmotions(asin example1) or motionsthat
involve signi cant movementof the root of the character
with respecto thecenterof massduring ight. In ourexper
iments,we foundthatfor mary motionslinearinterpolation
of the root resultedin an almostlinear interpolationof the
centerof mass SeeFigure3 for anexample.

Thepelvisis oftenchoserastheroot of thecharacterBe-
causeit is generallyvery closeto the centerof massof the

Figure 3: Interpolatinga very smallforward jump, 0.4 me-
ters, (motion M;) and a very large forward jump, 2.5 me-
ters, (motionMy). TheZ componenbf the centerof massis

shownfor motionM1, motionM, andtwo interpolatedmo-
tions,onecomputedy interpolatingroot positionsand one
computedy interpolatingthe centerof masspositions.The
two trajectoriesfor the Z componenbf the centerof mass
areverysimilar.

entirebody, it often movessimilarly. Figure4 compareshe
positionof the centerof massto the positionof the root for
the threemotionsusedin gures 1 and 3. For the forward
jumps,theroot movessimilarly to the centerof masshut for
thejump with a360degreeturn, theroot movesalonga dif-
ferenttrajectory As aresult,interpolatingthe root positions
of two forwardjumpsproduces naturallooking motionand
interpolatingthe root positionsof a forwardjump anda for-
wardjump with aturn producesanunnaturalooking result.

4.2. Angular momentumduring ight

Becausehe only force actingon the systemduring ight is
gravity, and gravity actsat the centerof mass,the angular
momentunof thesystemaboutthe centerof massshouldbe
constantduring ight. In general,angularmomentumwill
not be constanfor a motion computedby interpolatingtwo
arbitrary motions. For example,the upperrow in gure 5
shavs aninterpolationbetweera forward jump anda verti-
caljump with a 360degreeturn. Theangularmomentunof
theinterpolatedmotionis notconstanduring ight.

However, evenrelatively large uctuationsin angulamo-
mentumare often unnoticedby the viewer if they do not
createlarge changesn angularvelocities.Becauseangular
momentum,H, is equalto the productbetweeninertia of
the body and angularvelocity (H = IW), large changesn
angulamomentunresultin smallchangesn angularveloc-
ity if the correspondingnertiais alsolarge. For example,
in gure 5 (upperrow, rightmostimage)angulaTmomentum
changessigni cantly aroundthe X axis but the motion still
appearsiatural. Thechangen angulamomentunis hardto
detectbecauseheinertiaaroundthe X axisis large (because
the longitudinal axis of the body is perpendiculato the X
axis)andtheresultingchangdan angularvelocity is small.
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Figure 4: Comparingthe centerof masstrajectoryto theroot trajectoryfor 3 differentjumps.Z componentsire shown.Left:
smallforward jump, middle:large forward jump,right: forward jumpwith 360degreeturn. Thesgumpswere usedto compute

theinterpolatedmotionsin gures1 and3.

Although the angularmomentumis not necessarilypre-
senedwheninterpolatingtwo arbitrarymotionsit is possi-
ble to shav thatfor a singlerigid body, angularmomentum
is conseredduring ight if both motionsrotatearoundthe
sameprincipal axis or one or both containno rotation. In
mary commonmotions,visible rotation(with large angular
velocity) during ight is eitherabsent(for example,a short
forwardjump or run) or happensaroundonly oneprincipal
axis (for example,a longerforward jump, a ip or a ver
tical jump with a turn). Approximatingthe charactewith a
rigid bodyis notanaccuratanodelfor mostmotionsbut this
proofstill providessomeinsightinto whenangulatmomen-
tumwill bepresered.

Proof: If arigid bodyrotatesarounda principalaxisthen
theangularmomentumH, is equalto the productof inertia
of thebodyl, andtheangularnvelocity of thebody, Waround
the axis of rotation.Let H; = ;W andH, = 1,W, be the
angularmomentunfor the rst andsecondnotionsrespec-
tively. If we interpolatethe centerof masspositionsandthe
rotation angles,the angularmomentumof the interpolated
motionis

T T.
H= W= |3(ww171+ (1 W)WZ?Z) = congart  (9)

TheangulamomentunH is constanbecausés, W, and\Ws,
areconstanduring ight.

Thebottomrow of gure 5shavstheangulaiTmomentum
for a motion computedby interpolatingtwo forwardjumps.
Becauséothjumpsinvolve arotationaroundthe sameaxis
theangulaTmomentumin theresultingmotionremainsela-
tively constanduring ight.

5. Analysis of the contactphase

In this section,we analyzethe physical correctnes®f the
motionwhile oneor bothfeetarein contactwith theerviron-
ment. The following conditionsshouldhold for the motion
to be physically valid: (1) the feet of the charactershould
not slide; (2) whenthe characteis in staticbalancets cen-
terof massshouldfall within thesupportpolygonof thefeet;
(3) the contactforcesthat correspondo the motion should
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Figure 6: (a)Two posesof a simpli ed characterthat have
the samecontactare interpolatedwith weightw = 0:5. The
resultingposepenetatesthe ground.(b) Theredundande-
greesof freedonof ead leg canbeintuitively parameterized
byoneparameterF , thatrepresentshe“kneecircle” of the

leg.

not requirean unreasonablyigh coefcient of friction. We
now analyzeeachof theserequirements.

5.1. Non-sliding Foot Contact

We assumdhatwhenoneor both feet of the characterare
in contactwith the ground,the position of the feet should
notmove (the charactedoesnot slip). This condition,how-
ever, doesnot hold for eitherthe centerof massor rootin-
terpolationschemegpresentedbove. Considerthe example
in gure 6(a): two posesof a simpli ed charactethathave
the samecontactpoint areinterpolatedwith weightw = 0:5
resultingin afoot positionbelowr theground.

Otherresearcherbave addressedhis problemby root-
ing the characterat a foot thatis in contact.This solution
works well whenthereis only onefoot in contactbut may
resultin sliding of the otherfoot if thatotherfoot is alsoin
contact.In general preservinghe contactpositionsof both
feetandcomputingjoint anglesvia interpolationis not pos-
siblebecaus¢hesystemis over-constrainedA commonso-
lution is to to eliminatefoot sliding in the interpolatedmo-
tion with a post processingstep (see,for example[LS99
and[RCB99). This additionaleditingwould be hardto an-
alyzefor physicalvalidity.

An alternatve solutionthat preseres physicsis to inter-
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Figure 5: Upperrow, fromleft to right: Angularmomentuncurvesfor a forward jump,a vertical jumpwith a 360degreeturn
aboutthevertical axisanda motioncomputedy interpolatingthosemotions Lowerrow, fromleft to right: Angularmomentum
curvesfor a smallforward jump,a verylarge forward jumpanda motioncomputedy interpolatingthosemotions X, Y andZ
componentsf angularmomentunare shownfor ead graph. Theshadedarearepresentghe ight phase

polateonly the non-redundantiegreesof freedom(dofs) of
thecharacteandtheconstraintsEachconstrainteduceshe
numberof available dofs. Therefore,if the characterorigi-
nally hadn+ 3 dofs (n rotationaland 3 translational) then
whenbothfeetarein contactthenumberof degreesof free-
domis reducedby 12. KoreinandBadler[KB82] andlater
LeeandShin[LS99 shavedthatthe degreesof freedomof
alegin contactwith thegroundcanbecontrolledby justone
parameter, assuminghatthehip positionof thelegis also
known. Intuitively, that parameterepresentshe “knee cir-
cle” of theleg ( gure 6(b)). Thus,whenbothlegsarein con-
tactthe non-redundantiegreesof freedomof the character
are(1) root position;(2) all thejoint anglesof the character
exceptthe legs; and (3) two “knee circle” parameterspne
for eachleg. We cannow interpolatethesenon-redundant
degreesof freedomandthe constraintghatincludethe posi-
tionsandorientationf bothfeetandthefeetwill notslide.

Becauséhereis norealadvantagen interpolatingheroot
asopposedo interpolatingthecenterof massontheground,
we caninterpolatethe centerof massaswe did for the ight
phase:

8

3 Peom(t) = WPicom(t1) + (1 W)Pacom(t2)

oy = Qn(t) = wQnri(t) + (1 w)Qnrz(tz)

M(t = 10

W) 2 Cj(t) = wCyj(ta) + (1 wW)Cy(t2) (10)
Proat(t) = F2(Peom(t); Qnr(t);C(1))

whereQnr; arethe non-redundandofs of the charactenot

includingtheroot, C; areconstraintssuchasfeet positions

andorientations,and F2 is the function that computeshe

root positionof the characteifrom the centerof massposi-

tion, non-redundantlofs andthe constraintyseeAppendix
C for details).To presere continuity of the motion,we use
equation10 independenbf whetherone foot or both feet
arein contact.With this interpolationschemethe feet will
notslideduringcontactandwe canprove thatthe staticbal-
anceconditionholdsandthatthe groundreactionforcesare
within thefriction cone.

5.2. Static Balance

Static balanceexists when the projection of the centerof

massof the characteionto the groundis within the support
polygonof thefeet.We do notassumehatinputmotionsare
staticallybalancedut we shaw thatif they are,theinterpo-
latedmotionis aswell. We assuméhatM; andM, have the
samesupportpolygon.

The positionof the centerof massof theinterpolatedno-
tion attime t is equalto the interpolationof the centerof
massof motionM; attimet, andof centerof massof motion
M, attimet, (equationl0). Thereforethe centerof massof
theinterpolatednotion,P.om, Will lie onasegmentconnect-
ing points Pycom and Pygome The projectionof Py onto a
planeof contactwill alsolie on a sgmentconnectingthe
projectionsof Picom andPocom. Let uscall theseprojections
Péom PL.,mandpPy, . then:

chom(t) =W ]_com(tl) + (1 W) chom(tz) (11)

BecausePy ., andPy. - lie within the supportpolygonof
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Figure 7: (a) The ground reaction force mustfall within
a friction coneorientedalong the contactnormal. (b) The
tangential, F¥'", and the normal, FY'", component®f the

groundreactionforce

thefeet,P%mwill alsolie within thesupporpolygonassum-
ing the supportpolygonis cornvex and0 w 1.

5.3. Friction cone

For themotionto bephysically valid, groundcontactshould
not requirean unreasonablyigh coefcient of friction. We
usea Coulombfriction modelto analyzethegroundcontact.
If contactingsurfacesdo not move with respecto eachother
(staticfriction) the ratio of the absolutevaluesof the tan-
gential componenbf the groundreactionforce, thrf, and
the normal componentf the groundreactionforce, an'f,
shouldbe smallerthanthe coefcient of staticfriction:

RO (1)
RO ()

(12)

Geometricallythis constrainimeanghatthegroundreaction
forcemustfall within afriction coneorientedalongthecon-
tactnormal( gure 7).

Assumingasinglesupportpolygon,Newton's secondaw
saysthatthegroundreactionforce, F9f (t) is

FIT(t) = MAcon(t) MG (13)

wherem is the total massof the system,Acon(t) is the ac-
celerationof the centerof massof the systemand G =

(0; 9:8;0) is the acceleratiordue to gravity. The ground
reactionforce of the interpolatedmotion computedaccord-
ing to equationl10 is aninterpolationof the groundreaction
forcesof motionsM; andM, (seeAppendixD for theproof):

T 2 T, ?

FO () = wh™ (t) +@ W) £ a4

The proof r%quiresthat we setthetime T of the contact

phaseasT =  T2w+ TZ(1 w), which is the samefor-
mulawe usedfor the ight phaseNow we needto shav that
equation12 holdsfor the interpolatedmotion. From equa-
tion 14, we know thatthetangentiaendnormalcomponents
of the groundreactionforce canbe computeddy interpolat-

¢ TheEurographic#ssociation2005.

Figure 8: Interpolation betweera long forward jump and
a forward jump with a 360 degreeturn (weightw = 0:75).
Motionsare shownschematically:the centerof massis pro-
jectedonto the ground; the arrows representthe facing di-
rectionof the character

ing the correspondingomponent®f motionsM1 andMa:

R0 _ wRT ()2 (1 WY (2)(F)?
o wrd )32+ 1 WS ()(%)2

(15)

To shav that equation12 holdsfor the interpolatedmo-
tion we rst shaw thatfor ary positive numbersa,b,c and
d,if § < mand§ < mthen &5 < m(seeAppendixE for
theproof). Fromthisresult,andbecauseve know thatequa-
tion 12 holdsfor motionsM; andM, we canconcludethat
equationl2 holdsfor theinterpolatednotion.

6. Transition betweenphases

We have analyzedthe motion of the characteduring ight
andcontactphasesndependentigowe alsoneedto analyze
the continuity of the motion acrossthe transitionbetween
phasesThe continuity of the positionof the centerof mass
follows trivially from the factthatit is computedby inter
polating the centerof massof motionsM; and M, which
are themseles assumedo be continuous.The velocity of
the centerof massmay be discontinuougduring the transi-
tion becausalifferenttime scalingsare appliedto adjacent
phasesWe have found, however, that this discontinuityis
notnoticeabldn practice.

Motions with rotation during the ight phasehowever,
mayhave signi cant discontinuitiesatthetransitionbetween
ight andstancephasedecausehe orientationof theinter
polatedmotion may not matchthat of the original motions
afterthe ight phase.For example,considerthe interpola-
tion of along forwardjump with aforwardjump with a 360
degreeturn (schematicallyshavnin gure 8). In theoriginal
motionsthe charactefandsfacingthe positive Z axisbut in
theinterpolatedmotion, the charactetandsfacingthe pos-
itive X axis (rotated90 degreesclockwise aboutvertical).
Both the original interpolationschemgequation2) andthe
modi ed schemgequationl0) will have problemswith this
transition.The resultingmotion will have eithersigni cant
foot sliding becausehe motion of the root doesnot match
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the motion of the joint anglesor a discontinuityin the joint
angles.

To reducetheseproblems the subsequeninotion of the
root (or centerof mass)in the original motionscanbe ro-
tatedto align themwith the interpolatedmotion at the end
of the ight phase.This operationbrings the root motion
into alignmentwith thecharactes facingdirectionandjoint
movementsut it mayintroduceadiscontinuityin theveloc-
ity of thecenterof massForexamplejn gure 8,thelanding
velocity of thecenterf masgor theinterpolatednotionwill
be rotatedinstantaneouslyy 90 degreesin the transitionto
the stancephase.The discontinuitywill be smallwhenthe
requiredrotationsaresmallor thegroundplanecomponents
of the velocity at landing,Vjandng, aresmall. The problem
will be worsefor motionswith more complicatedrotations
suchasforwardor twisting ips.

7. Summary of Analysis

We have madethreechangedo the interpolationschemeof
equatior®: (1) during ight weinterpolatehecenterof mass
positionsinsteadof the root positions;(2) during ground
contactwe interpolatethe positionsof the feet, the center
of masspositionsandall non-redundandegreesof freedom
to preventthefeetfrom sliding onaheground;(B) thetiming

of eachphasds computecasT = T2w+ T2(1  w). With

thesechangeswe canprove the following propertiesabout
thephysicalcorrectnessf theinterpolatednotion:

Thenetforceactingon the characteduring ight will be
equalto gravity.

During contactthefeetof the charactewwill notslide.

If the characters balancedn the original motions,it will
alsobebalancedn theinterpolatedmotion.

If the groundreactionforce in both original motionsis
within thefriction cone,it will alsobewithin thefriction
conefor theinterpolatednotion.

If we interpolatetwo motionsthatdo not have visible ro-
tation during the ight phasegfor example,runs, short
forward jumpsandvertical jumps)or motionsthat rotate
aboutapproximatelyhesameprincipalaxis(for example,
ips andlongerforward jumps), the angularmomentum
in theinterpolatednotionwill becloseto constanturing
ight. Thisanalysisof angulacTmomentunholdswhenthe
charactecanbereasonablapproximatedy arigid body
during ight.

If we interpolatetwo motionsthateither (1) do not have
visible rotationduring their ight phaseor (2) rotateby
approximatelythe sameangle aboutthe vertical axis in
both original motionsor (3) occurmostlyin the vertical
direction (for example,a vertical jump), then the conti-
nuity of the velocity of the centerof masswill be pre-
senedduringthetransitionfrom ight to contact(ignor-
ing thediscontinuitydueto differencesn time scalingof
two phases).

8. Experimental results

Our experimental results consist of two parts. We rst
demonstrat¢hata variety of dynamicalandnon-dynamical
motionscanbesuccessfullynterpolatedo generateealistic
looking motions.Themotionsaregeneratedy interpolating
thetrajectorief the centerof massandjoint anglesduring
the ight phasesandduring the stancephaseslacing the
root at one of the feetin contactandinterpolatingthe root
andjoint angles.The motionsare alsoalignedasdescribed
in section6. Themotionsareall includedin theaccompap-
ing video.

We performedhefollowing experiments(1) theinterpo-
lation of two forward jumps of very differentlengthswith
no rotation; (2) the interpolationof two forward jumps of
differentlengths ,eachwith a90 degreeturn; (3) theinterpo-
lation of two verticaljumpsof differentheightsanddifferent
amountof rotation; (4) the interpolationof two motionsin
which the actor steppedover obstaclef differentheights;
(5) theinterpolationof runninganda runningjump. In each
of theseexperimentstheoriginal motionshadtheproperties
requiredto guaranteehe physical correctnes®f the inter
polatedmotionsaccordingto our analysis.Theinterpolated
motionsdid indeedlook visually realistic.

We alsocompardinearinterpolationusingroot positions
during a ight with interpolationusing the position of the
centerof mass.We interpolatedroot andcenterof massfor
aforwardjump with no turn andforwardjump with 360de-
greeturn (theexamplein gure 1). Thisinterpolationresults
in unnaturaimotionduringthe ight phasef therootis in-
terpolatedandnaturallooking motionif the centerof mass
is interpolated.

Interpolationof eitherthe centerof massposition or of
theroot positionmay causethefeetto slide or penetratehe
ground.We demonstratethis by interpolatingmotionsof a
personsitting down on two seatsof differentheights.Inter
polatingrootpositionresultsin signi cant sliding of thefeet.
Evensimply placingtherootatonefoot of thecharactesig-
ni cantly reduceghe problemalthoughthe secondoot still
movesslightly with respecto the ground.

Ourlastexperimentdemonstratethatif two motionswith
differentamountsof rotationareinterpolatedtheremay be
a visible discontinuityin the velocity of centerof massat
landing(section6). This phenomends demonstratedn the
interpolationof a forward jump anda vertical jump with a
360degreedurn. Theresultingmotionis quite unnatural.

9. Discussion

We, like otherswho have experimentedwith interpolation,
have obseredthatthe matchingof key eventsis crucial for
goodresults.Somekey eventssuchasfoot contactarerel-
atively easyto detectautomatically Otherssuchasoscilla-
tionsin arm swing, are more dif cult to detectand match

¢ TheEurographic#ssociation2005.



Alla Safon@a & JessicaK. Hodgins/ Analyzingthe PhysicalCorrectnessolnterpolatedHumanMotion

accuratelyHowever, if two jumpsareinterpolatedpnewith

a doublearm swing during the landing phaseand one with

a single arm swing, the resultingmotion will not be natu-
ral. Problemssuchasthis will have to be addressedn an
automaticfashionto make interpolationusefulin situations
where the details of the original motions are not a good
match.

The analysispresentedhereonly looked at physical cor-
rectnesslt will not catchunnaturalmotionslike the ones
describedn the previous paragraplor intersectionsf the
segmentsof the body that will sometimesarisewhen two
naturalmotionsare interpolated.Thoseerrorswill have to
be detectedand x ed using editing techniquesvhich may
themselesintroduceerrorsin thephysicalcorrectnessf the
motion.

In our analysiswve assumedc time warpingbasedn a set
of matchingkeys. A methodfor performingdynamictime
warpingis presentedn [KG03]. Our analysiscannotbe di-
rectly appliedto this approachbut it might be possibleto
extendtheanalysis.

This paperanalyzesanumberof physicalpropertieof the
interpolatedmotion. Another physical propertythat should
be satis ed during contactis that the centerof pressure
shouldfall within the supportpolygonof thefeet.

Theresultspresentedhereleadto anumberof interesting
further questionsFirst, in situationsin which the interpo-
latedmotionis not going to be physically correct,we need
betterguidelineson how mucherroris acceptableReitsma
andPollardtookastepin thatdirection[RP03 andobsened
that errorsin horizontalvelocity were easierto detectthan
errorsin vertical velocity but we needa much more com-
plete understandingf what errorswill be perceptibleand
whichwill notbenoticed.

For example,the angularmomentumof the interpolated
motion is not consered during ight in the generalcase.
Fromour experimentshowever, evenrelatively large uctu-
ationsin angularmomentumare not noticedby the viewer
if they do not resultin large changesn angularvelocities.
A deepennderstandin@f this obsenation might be useful
in developingbetterguidelinesfor interpolation.Similarly,
it would be usefulto have a guidelinefor whenthe disconti-
nuity in thetransitionsfrom ight to stancewill bevisible.
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Appendix A: Giventhe positionof thecenterof massof the
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characterPom, andthevaluesof all joint angles@Q;, i = 1::n,
we computethe positionof theroot of the characterPoq as
follows: (1) for the given Q; computethe centerof massof
thecharacterPd,,assuminghattherootis attheorigin; this
calculationgives us the relative position of the root of the
charactewith respecto the centerof massof thecharacter;
(2) computeroot position:Progt = Peom Py

Appendix B: The velocity of centerof massis computed
by takingthe derivative of the positionof the centerof mass
in equationd with respecto time. Similarly, acceleratiorof

centerof massis computedby taking the derivative of the
velocity:

Veom(t) = dp°§{"<t)
= d(WH.com(tl)*(dg- W) Pocom(t2)) (16)
= WVicom(t1) % + (1 wW)Vacon(tz) %
Aconlt) = Sl
_ d(\wlconm)?ﬂd 1 WVacomlta) ) 17
it

= WAom(t)(#)2+ (1 W)Vacom(t2)( )2

wherew = 0::1is theinterpolationweight, T, T, andT are
the overall time of phaseF in motionsM4, My andM. t; =
tT1=T andt, = tTo=T arescaledtime indicesinto motions
Ml and M2.

Appendix C: To obtaintheroot positiongiventhe centerof
massposition,the valuesof all non-redundantlofs andthe
valuesof constraintssuchasfeet position and orientation,
we rst notethatthe centerof massof the charactecanbe
decomposethto the summatiorof threequantitiesthecen-
terof massfor the upperbody, Pypcom for theleft leg, Ricom
andfor therightleg, Pjcom Thecenterof massof theentire
body, Peom: is thenPoom= PupcomMupcom* RicomMiicom*
PricomMricom In this derivation we assumeboth legs arein
contactbut whenonly oneleg is in contactthe derivationis
very similar. The positionof the centerof massof the upper
body canbe re-expressedn termsof the root position (an
unknavn) andthe centerof massof the upperbody assum-
ing therootis attheorigin (seeAppendixA):

Peom= (Proat + Pl?pcorr*) Mupcom* RicomMiicom* PricomMricom (18)

The position of the centerof massfor a leg canbe ex-
pressedn termsof the positionof theroot, the positionof a
kneejoint andthepositionof thefoot joint. For example for
theleft leg

Ricom= 2Poa + 2=3(Rknee Proat) + 1=2(Atoa  Rkned + Pfcom

(19)
whereRynee IS the position of the left kneejoint, B toq IS
the position of the left foot joint and R com is the position
of the centerof massof the left foot. Rynee in its turn can
re-expressedas a function Poq aswas shavn in [KB82],
leaving us with Poq asthe only unknowvn in equationl8.
Solvingthe equationfor P,oq (eitheranalyticallyif possible
or numericallyif not) will give usthedesiredresult.
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Appendix D: It canbe shawvn thatgroundreactionforce of
aninterpolatedmotion computedaccordingto equation10
is a time-scalednterpolationof the groundreactionforces
of motionsMannsz if wecomputdime T for thatcontact

phaseasT =  T2w+ T2(1 w):

FOT() = B (2w B (D)% W) (20)

Proof: Assuminga singlesupportpolygon,by Newton's
secondaw thegroundreactionforce, F9f(t) is

FI(t) = MAcom(t) MG (21)

wherem is the total massof the system Acon(t) is the ac-
celerationof the centerof massof the systemand G =
(0; 9:8;0) is an accelerationdue to gravity. Substituting
equationl?into 21yields:

FOT(0) = MAcon(t)( )W+ Mcon()(2)°(1 W) G

(22)

From Newton's secondaw MAqcom(ty) = Flg’”(tl) +mG

andMApcon(tz) = F9" () + MG. Substitutingthis into the
equationabove:

FOl) = (FY () + mG)(3)2w+

(F () + M) ()21 w) mG @3)
Rearranginghetermswe have:
Fofe)y = Ft)()2w+ B () ()21 wy+
N (24)

2 2
MG( T1w+122(1 w)) MG

BecauseT = T2w+ TZ(1 w), the ground reaction
force for the interpolatedmotion is the interpolation of
groundreactionforcesfrom rst andsecondmotions:

FOT() = B (2w B D% W) (@25)

Appendix E It is easyto show thatfor ary positve numbers
abcandd,if 2 < mand§ < mthen&$<m

Adding equationsa < nb andc < nd togethermwe have:
(a+ ©) < mb+ d). Now rearrangingermsyields: &5 < m
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