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Methodfor determiningkinematicparametersof the
in vivo thumbcarpometacarpaljoint
Lillian Y. ChangStudentMember, IEEE, andNancy S. PollardMember, IEEE

Abstract—The mobility of the thumb carpometacarpal (CMC)
joint is critical for functional grasping and manipulation tasks.
We present an optimization technique for determining fr om
surfacemarker measurementsa subject-speci�c kinematic model
of the in vivo CMC joint that is suitable for measuring mobility.
Our anatomy-basedcost metric scores a candidate joint model
by the plausibility of the corresponding joint angle values and
kinematic parameters rather than only the marker trajectory re-
construction error. The proposedmethod repeatablydetermines
CMC joint modelswith anatomically-plausible dir ectionsfor the
two dominant rotational axesand a lesserrange of motion (RoM)
for the third rotational axis. We formulate a low-dimensional
parameterization of the optimization domain by �rst solving
for joint axis orientation variables which then constrain the
search for the joint axis location variables. Indi vidual CMC joint
models were determined for 24 subjects. The dir ections of the
�exion-extension (FE) axis and adduction-abduction (AA) axis
deviated on average by 9 degreesand 22 degrees,respectively,
fr om the mean axis dir ection. The average RoM for FE, AA,
and pronation-supination (PS) joint angles are 76, 43, and 23
degreesfor activeCMC movement.The meanseparationdistance
betweenthe FE and AA axeswas 4.6 mm, and the mean skew
anglewas87 degreesfr om the positive �exion axis to the positive
abduction axis.

Index Terms—subject-speci�c joint models, axes of rotation,
optimization, thumb mobility

I . INTRODUCTION

T HE mobility of thehumanthumbis a critical component
of the hand's ability to grasp and manipulateobjects.

Subject-speci�cmodelscan lead to more accurateevaluation
of individual thumb motion and dynamic function. In this
work we concentrateon the carpometacarpal(CMC) joint
at the baseof the thumb betweenthe trapeziumbone and
metacarpalbone, which is responsiblefor the wide range
of thumb circumductionand opposition[1, 2]. Determining
appropriate,subject-speci�cmodelsof this joint is important
for evaluating individual thumb mobility with respectto the
appropriatejoint axes and creatingcustomizedhand models
for virtual rehabilitationenvironments.
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Previous work by Hollister et al. [3] locatedthe anatomic
rotationalaxes of the in vitro CMC joint, and further studies
by SantosandValero-Cuevas[4] simulatedpossiblekinematic
modelsbasedon distributionsof joint parametersfrom cadav-
eric measurement.Cooney et al. [5] alsodeterminedtheorien-
tation of in vitro CMC axes from the ridgesof the trapezium
bonesurfacein cadaver hands,andtheseresultsreportedwith
respectto the handdorsumprovide a single constantmodel
of the axis orientationsto subsequentlymeasurein vivo CMC
mobility. Non-invasive techniquesproposedby Coertet al. [6]
and Zhanget al. [7] evaluatethumb circumductionbasedon
theobservedmotionof thethumbsegments,withoutdetermin-
ing a kinematicmodelfor the thumbjoints. In contrast,Ch�eze
et al. [8] and Cerveri et al. [9] have developed techniques
for estimationof the in vivo CMC axes from isolatedthumb
movementssuchascircumductionand�e xion-extension.Our
techniqueuses the entire joint range of motion (RoM) to
determinean individual in vivo CMC joint model with two
dominant rotational axes that are non-intersectingand non-
orthogonal.The method accommodatesany generalsurface
marker protocoland can be usedto measurejoint RoM with
respectto the subject-speci�c model �t to an individual's
particularpatternof motion.

Several kinematic modelshave beenusedto describethe
thumb CMC joint [3, 5, 10, 11]. The CMC joint motion
is dominatedby two degreesof freedom(DoFs) of �e xion-
extension (FE) and adduction-abduction(AA) and exhibits
a lesser amount of pronation-supination(PS) [1, 5]. The
simplestmodels[5, 10, 12] considertheseaxes intersecting
and orthogonal,as part of either a two-DoF universal joint
or a three-DoF spherical joint. However, the anatomy of
the interfacing bone surfaces of the trapezium and thumb
metacarpalbonessuggestsa saddlejoint modelwith two axes
thatarenon-intersectingandnon-orthogonal(skew) [1, 3, 13],
and this has been incorporatedin a � ve-virtual-link thumb
model for simulation[4, 11].

We usea three-DoFCMC joint modelwith non-intersecting
FE andAA axeswhoserelative skew is determinedby rotation
about the PS axis. This model incorporatesthe complexity
of the non-intersectingand non-orthogonalaxes of the CMC
saddlejoint as in previous two-DoF models[3, 4, 11] while
also allowing measurementof the PS rotation as the third
DoF. Our approachoptimizesan individual CMC joint model
over a low-dimensionalparameterspaceby decomposingthe
joint model into the two parts of joint axis orientationand
joint axis location.Thecostmetric for theoptimizationscores
anatomicalcharacteristicsof theCMC joint motionratherthan
only evaluating the marker trajectory reconstructionerror as
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usedpreviously for similar joint models[14–16]. We �nd that
to achieve subject-speci�cmodelsof the CMC joint which
also have anatomically-meaningfuljoint properties,minimiz-
ing the reconstructionerror is insuf�cient becauseit leadsto
inconsistentestimatesof axisdirectionsandlargeRoM for the
non-dominantDoF. Instead,optimizing our proposedmetric
determinesa joint model which hasanatomically-meaningful
joint propertiessuchas the relative RoM betweenthe DoFs
andthe proximal-distalrelative locationof the axes.

I I . METHOD

A. Experimentalprotocol

The study involved a total of 24 able-bodiedindividuals,
consistingof 12 male (11 right-handdominant,1 left-hand
dominant)and12 female(11 right-handdominant,1 left-hand
dominant)subjects,aged26 � 3:2 years (mean � standard
deviation). A Vicon camerasystemtracked the positionsof
re�ective surface markers attachedto the hand dorsumand
thumbmetacarpalsegment,which de�ned the handtechnical
coordinatesystem(TCS)andthumbmetacarpalTCS(Fig. 1a).
Markers H1, H2, and H3 de�ne the hand dorsumTCS and
are attached,respectively, to the proximal end of the third
metacarpal,thedistalendof thethird metacarpal,andthedistal
endof the secondmetacarpal.MarkersT1, T2, andT3 de�ne
the thumb metacarpalTCS and are attached,respectively, to
the proximal end of the �rst metacarpalon the ulnar side,
thedistalendof the �rst metacarpalon theulnarside,andthe
distalendof the�rst metacarpalon theradialside.Themarker
locationswere chosento be spreadout over the metacarpals
of thehanddorsumandthumbto avoid, to theextentpossible,
large changesin the TCS orientationdueto skin motion over
the bone.

Subjectswere seatedat a table with the arm comfortably
extendedand the ulnar part of the hand in contactwith the
table surface for the data acquisitionsession(Fig. 1b). The
calibration movement for sampling the full spaceof CMC
joint con�gurationsconsistedof circumduction,a starpattern,
abduction-adduction,and �e xion-extensionmotions (Fig. 2).
Subjectswere directed to avoid motion of the other joints
of the thumb, palm, and �ngers, althoughthesejoints were
not mechanically-constrainedin order to encouragenatural
motion of the CMC joint. Subjectsperformedthe calibration
movementat a self-selectedspeedto exercisethe active RoM
of the CMC joint without any external contactto the thumb.
Two repetitionsof the movementpatternwere recorded.The
experimentwas completedfor both the right hand and left
handof eachsubject.

The recordedmarker trajectorieswere lightly conditioned
beforeuseas input dataas follows. Segmentsof static poses
were manually clipped from the beginning and end of each
motionsequence.In addition,any time sampleswith occluded
markers were discarded.The resultantdatasequencefor one
repetitionof the calibrationmovementhad on average4500
time samples.For eachof theseremainingtime samples,we
computedthe measuredrigid transform Am of the thumb
metacarpalTCS with respectto the handdorsumTCS (Fig.
3a), which consistsof the relative orientationmatrix Rm be-
tweentheTCSaxesandthepositionpm of themetacarpalTCS
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Fig. 1. (a) Marker protocol for the right handusedto measurethe motion
of the CMC joint in the experimentalvalidation. Markers H1, H2, and H3
de�ne the TCS for the handdorsum,andmarkersT1, T2, andT3 de�ne the
TCS of the thumb metacarpalsegment.A symmetricplacementof markers
was used for the left hand. The samemarker protocol was used for all
subjectsto facilitatecomparisonsof the CMC axeslocations,but the method
can accommodatean arbitrary choice of the hand dorsumTCS and thumb
metacarpalTCS. (b) Active RoM was measuredwhile the subjectexercised
the CMC joint without any contactto the thumb.
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Fig. 2. An exampleof the calibrationmotion patternmeasuredfrom one
subject.The trajectoryof the T2 marker for the four portionsof the motion
patternsegment are shown for both radial and palmar views of the hand.
(a,e) Clockwise and counter-clockwise circumduction.(b,f) A star pattern
with arcsacrossthe joint rangeof motion in multiple directions.(c,g) Zig-zag
patternwith high-frequency adduction-abductionwhile graduallychangingthe
�e xion-extension angle. (d,h) Zig-zag pattern with high-frequency �e xion-
extensionwhile graduallychangingthe adduction-abductionangle.

origin in the handTCS frame.In addition,sincethe selection
of the origin marker for the metacarpalTCS is arbitrary, our
available data includes the positions (pm 1; pm 2; pm 3) of all
threemetacarpalmarkers in the handTCS frame.

B. Problemstatement

Given the sequenceof measuredrelative TCS transforms
Am and marker positions (pm 1; pm 2; pm 3) from the data
acquisition, we wish to determine the joint model which
describesthe orientationand locationof the functionalCMC
rotationalaxes.In our modelof the CMC joint (Fig. 3b), the
joint angles� 1; � 2; and � 3 denotethree sequentialrotations
about the FE axis zh , the PS axis, and the AA axis zt ,
respectively. The FE axis zh is the z-axis of the handdorsum
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Fig. 3. (a) Technicalcoordinatesystems(TCS) and functional coordinate
systems(FCS) de�ne the hand dorsum and thumb metacarpalsegments
adjacentto the CMC joint. The transformA m (k) describingthe measured
con�guration of the CMC joint at time instancek is the compositionof
the change-of-coordinatetransform A h , the CMC con�guration expressed
relative to functionalcoordinatesystemsA j (k), andthechange-of-coordinate
transformA t . (b) Model of the threerotationalaxesof theCMC saddlejoint.
The FE axis zh is the z-axis of the handdorsumFCSandis locatedthrough
the trapeziumbone.The AA axis zt is the z-axis of the thumb metacarpal
boneFCS.TheFEandAA axesareseparatedby distanced alongtheirmutual
perpendicularwhich is the PS axis. The skew betweenthe FE and AA axes
is de�ned by the rotationangle� 2 aboutthe PSaxis.

functionalcoordinatesystem(FCS),andtheAA axiszt is the
z-axisof thethumbmetacarpalFCS.TheFE andAA axesare
separatedby a distanced alongthe PSaxis, andthe valueof
thePSrotationangledeterminestheskew betweentheFE axis
andAA axis.For acompletedescriptionof thejoint model,we
needto solve for thehanddorsumFCSandthumbmetacarpal
FCS (Fig. 3a) which expressthe CMC movement in terms
of functional FE, AA, and PS joint angles.We also needto
solve for the constantseparationd betweenthe dominantFE
andAA axes.

C. Optimizationcostmetric

To determinethe joint model for an individual subject,we
will use an optimization approachto select an appropriate
set of handFCS, thumb FCS, and separationd which result
in rotational DoFs � 1; � 2; and � 3 that both reconstructthe
joint orientationand correspondto anatomically-meaningful
FE, PS,andAA joint angles.We designour optimizationcost
metric for scoringcandidatemodelsasa combinationof three
costcomponentsbasedon anatomicalknowledgeof thethumb
CMC joint. The �rst aspectof the CMC joint motion is that
it is dominatedby FE andAA rotationwith a limited amount
of PS rotation, as re�ected by the two-DoF modelsusedin
previous work [4, 11]. Thus the functional joint axes should
correspondto joint variablesequenceswith small variationof
� 2 values.The secondaspectis that the FE RoM is generally
larger than the AA RoM for unimpairedCMC joints [5, 6].
Finally, the FE axis �x ed in the hand frame is proximal to
the AA axis �x ed in the thumb metacarpalframe due to the
saddlejoint geometrybetweenthe metacarpaland trapezium
bones[3, 4, 11, 13]. Thesethree anatomicalaspectsof the
CMC joint kinematicsare incorporatedinto an overall cost
metric which is minimizedto solve for meaningfuljoint axes.
All threecomponentsare usedsimultaneouslysincea single

componentaloneis not suf�cient to satisfyall threeobjectives.

f = f P S + f R oM + f d (1)

The componentf P S re�ects the propertythat the observed
PS angle values should have small variation as the non-
dominant rotational freedom. We motivate this cost metric
componentby a probabilisticmodel which assumesthat the
PSanglevaluesarenormally-distributedwith meanvalue � 2

and variance� 2
2 . To maximize the probability of observing

a sequenceof � 2 values,we can equivalently minimize the
correspondingnegative log likelihoodfunctionof themodeled
normaldistribution,normalizedby thesequencelengthN [see,
e.g.,17]. This is usedasonecomponentof the costmetric:

f P S =
P N

k=1 (� 2(k) � � 2)2

2N � 2
2

(2)

wherek indicatesa single time samplein the sequence.
Since the absolute value of the angle is irrelevant for

describingthe overall amountof PSrotation,thereis no prior
set for � 2 and we insteaduse the samplemeanof the joint
anglesequence,

� 2 =
1
N

NX

k=1

� 2(k): (3)

The resultantform of Eq. (2) canbe interpretedasthesample
varianceof the � 2 values,scaledby a weighting factor2� 2

2 .
Next, the minimizing cost metric favors joint axis orienta-

tions which are alignedsuchthat the FE RoM is maximized
relative to the AA RoM:

f R oM =
r ange(� 3)
r ange(� 1)

(4)

where

r ange(� i ) = max
k2 (1 ;N )

(� i (k)) � min
k2 (1 ;N )

(� i (k)) : (5)

The �nal cost componentmeasureshow meaningful the
estimatedconstantseparationd is with respectto an assumed
normaldistribution with mean� d andvariance� 2

d . As before,
maximizing the probability of the estimatedseparationd is
equivalent to minimizing the negative log likelihoodof d.

f d =
(d � � d)2

2� 2
d

(6)

In this case,� d and� d provide intuitive weightingparameters
which representour prior belief in the possiblevalues for
anatomically-plausibleseparationdistances.Selecting� d � 0
representsthe choice to favor CMC joint modelswhere the
FE axis is proximal to the AA axis, to be consistentwith the
CMC boneanatomy.

The overall optimizationcostmetric,

f =
P N

k=1 (� 2(k) � � 2)2

2N � 2
2

+
r ange(� 3)
r ange(� 1)

+
(d � � d)2

2� 2
d

; (7)

evaluateshow well a candidatejoint model correspondsto a
meaningfuldecompositionof joint angleswith an appropriate
separationdistancebetweenthe FE and AA axes. The three
tuning parameters(� 2; � d; � d) are usedto adjust the relative
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weightsof the threeunitlesscomponentsf P S , f R oM ; andf d.
The �rst componentlocatesthe directionof the PSaxis with
small variation in � 2 values, the secondcomponentserves
to distinguish betweenFE and AA directions accordingto
the RoM ratio, and the third componentselectsmodelswith
appropriateseparationdistances.

D. Computationof joint parameters

In our optimization approach,we searchthe domain of
candidatejoint modelsfor the joint modelwith minimumcost
accordingto the anatomy-basedcostmetric in Eq. (7). In this
section,we presenthow to formulatetheoptimizationdomain
as the four-DoF set (zh ; zt ) specifying the orientationsof
the FE and AA axes.Then,given a measureddatasequence
and a candidateset (zh ; zt ), we can directly compute the
remainingkinematicparametersandjoint variableswhich are
neededto evaluatethe value of the cost metric. Pseudocode
for the entirecostmetric computationcanbe found in Fig. 4.

1) Kinematicmodel: At any time samplek, the measured
CMC joint con�guration Am (k) is relatedto the functional
joint con�guration A j (k) by the two change-of-coordinate
transforms(Fig. 3a):

Am (k) = Ah A j (k)A t (8)

where Am (k) is the measuredcon�guration of the thumb
metacarpalTCSwith respectto thehandTCSat time k, Ah is
the�x edtransformof thehandFCSin thehandTCS,A j (k) is
thefunctionaljoint con�gurationof themetacarpalFCSin the
handFCSat timek, andA t is the�x edtransformof thethumb
metacarpalTCS in the thumb metacarpalFCS. The relation
in Eq. (8) can be expandedin termsof the eachtransform's
orientationcomponentR and locationcomponentp:

Am (k) =
�

Rh ph
~0 1

� �
Rj (k) pj (k)

~0 1

� �
Rt pt
~0 1

�

=
�

Rm (k) pm (k)
~0 1

�
: (9)

We use the robotics Denavit-Hartenberg (DH) convention
[see,e.g.,18] to parameterizeA j (k) for the kinematicmodel
depicted in Fig. 3b (Table I). This convention provides a
framework to describeboth the joint axisorientationandjoint
axis location,and it hasbeenusedpreviously to describethe
non-orthogonalandnon-intersectingaxesof the thumb joints
in recentliterature[4, 11]. The FE axis zh �x ed in the hand
frame is orthogonalto and intersectsthe PSaxis, and the PS
axis is orthogonalto andintersectstheAA axiszt �x ed in the
thumbmetacarpalframe.Thedistancebetweentheintersection
pointson the PSaxis de�nes the separationd betweenthe FE
andAA axes,andthevalueof thePSrotationangledetermines
theskew anglebetweentheFE andAA axes.Thevaluefor the
PSrotationanglefor non-singularcon�gurationswill be near
90 degrees.The generalform of A j (k) is expressedin terms
of the �x ed separationd andthe threejoint angles� 1; � 2; and
� 3, usingthe abbreviatednotationci = cos� i andsi = sin � i ,

Input: zh , axis orientationin handTCS
Input: zt , axis orientationin thumbTCS
Input: A m , sequenceof N measuredtransformationsconsistingof rotations

Rm andn � 1 marker positionspm 1 ; : : : ; pmn
Input: v, vectordenotingproximal to distal direction in the handTCS
Output: costmetric value

1: // �rst estimatejoint anglesrelative to arbitrary � 1 and � 3 values
2: Rh  rotationof minimum anglethat alignsz-axis of handTCS to zh
3: R t  rotationof minimum anglethat alignsz-axis of thumbTCS to zt
4: for eachtime samplek do
5: R j (k)  RT

h Rm (k)RT
t

6: � 1 (k); � 2 (k); � 3 (k)  InverseKinematics(R j (k)) solution with
� 2 (k) � 0

7: end for
8: // updatejoint anglesto referencecon�guration
9: Rh  Rh � Rotation (z; mode(� 1 ))

10: R t  Rotation (z; mode(� 3 )) � R t
11: for eachtime samplek do
12: R j (k)  RT

h Rm (k)RT
t

13: � 1 (k); � 2 (k); � 3 (k)  InverseKinematics(R j (k)) solution with
� 2 (k) � 0

14: end for
15: // useorientationparametersto estimatelocationparameters
16: d; ph ; pt  LeastSquaresEstimate(Rh ; R t ; R j ; � 1 ; pm 1 ; : : : ; pmn )
17: // adjust sign of separationd to describethe proximal-distal relation

betweenFE andAA axes
18: xh  x axis of Rh
19: d  j dj sign(v � xh )
20: cost  CostFunction(� 1 ; � 2 ; � 3 ; d)
21: return cost

Fig. 4. Pseudocodefor the evaluation of a four-DoF solution family
(zh ; zt ) for a given measuredsequenceA m andsetof n marker trajectories
(pm 1 ; pm 2 ; :::pmn ).

TABLE I
DENAVIT-HARTENBERG PARAMETERS FOR DESCRIBING THE FUNCTIONAL

CONFIGURATION OF THE CMC JOINT MODEL . THERE ARE THREE
ROTATIONAL AXES WITH NO TRANSLATIONAL DEGREES OF FREEDOM .

SUCCESSIVE AXES ARE MUTUALLY ORTHOGONAL , AS INDICATED BY THE
LINK TWIST VALUES. THE FE AND AA AXES ARE SEPARATED BY JOINT

OFFSET d ALONG THE PS AXIS WHICH IS THE MUTUAL PERPENDICULAR.
THE SKEW BETWEEN THE FE AND AA AXES IS DEFINED BY THE

ROTATION ANGLE � 2 ABOUT THE PS AXIS.

link joint joint angle link length link twist joint offset
number axis � a � d

1 FE � 1 0 � �
2 0

2 PS � 2 0 �
2 d

3 AA � 3 0 0 0

as:

A j (k) =

2

4
c1c2c3 � s1s3 � c1c2s3 � s1c3 c1s2 � ds1
s1c2c3 + c1s3 � s1c2s3 + c1c3 s1s2 dc1

� s2c3 s2s3 c2 0
0 0 0 1

3

5 :

(10)

Overall, 13 �x ed parametersspecifying Ah , A t , and d
describe the CMC joint model, while the values of the
three joint variables at all N time samples describe a
measuredmotion sequence.Insteadof optimizing over the
high-DoF space(Ah ; A t ; d) and solving for the joint angles
to computethe cost metric, we can simplify the searchto
a four-parameterdomain for (zh ; zt ) by using the measured
motion Am to solve for the remainingnine parametersand
3N joint variables.
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2) Joint coordinate systemorientation: We �rst consider
the orientationcomponentof the model,becausethe orienta-
tion Rm is independentof all locationparameters,asseenfrom
Eq. (9). The orientationsof the joint axesarede�ned by only
four numbersspecifying the pair of axis directions(zh ; zt ).
TheFE axis zh is thez-axisof Rh , theAA rotationaxis zt is
thez-axisof RT

t , andthePSaxis is orthogonalto bothzh and
zt . For eachpair (zh ; zt ), there is a family of solutionsfor
the six-DoF set(Rh ; Rt ), wherethe correspondingfunctional
joint anglesequences(� 1; � 2; � 3) for a sequenceof measured
rotationsRm (k) arefully de�ned up to a shift in thereference
anglefor � 1 and� 3 anda signchangefor � 2. Theambiguityin
thesignof � 2 is dueto thefact that therearetwo setsof joints
angles,(� 1; � 2; � 3) and(� 1 + � ; � � 2; � 3 + � ), correspondingto
any singlematrix Rj (k).

We choosea canonicalset of joint anglevaluesfrom the
family of solutionscorrespondingto apair (zh ; zt ) by selecting
positive valuesfor � 2 and referencecon�guration anglesfor
� 1 and� 3 suchthatthemodesof theobservedanglesequences
arezero(Fig. 4):

mode(� 1) = 0 (11)

� 2 > 0 (12)

mode(� 3) = 0: (13)

The mode is computedby mappingthe N continuousangle
valuesto a discretesetof 5-degreeintervals andselectingthe
centervalue of the interval with the maximumfrequency. In
effect, Eq. (11) andEq. (13) specify the remainingtwo DoFs
which selecta single six-DoF set (Rh ; Rt ) from a four-DoF
family de�ned by (zh ; zt ). The appropriateset (Rh ; Rt ) is
computedby �rst estimatingthe joint anglesequencesfrom
an arbitrarychoiceof (Rh ; Rt ) within the (zh ; zt ) family and
thenshifting the referencecon�guration anglesby the modes
of the estimatedsequences(Fig. 4, Lines 1–14). Using the
mode of the joint angle sequenceapproximatelycentersthe
angle valuesaroundzero and avoids angle valuesnear � � .
Typically, the positive valuesof � 2 selectedby Eq. (12) will
be near+ �

2 .
Thus, for any candidateset of axis directions(zh ; zt ) and

a sequenceof measuredrotations Rm (k), we can compute
a canonicalsix-DoF orientationpair (Rh ; Rt ) and the set of
threejoint variablesequences(� 1; � 2; � 3). The�rst partof Fig.
4 reviews this computationin pseudocodeform.

3) Joint axes location parameters: The locations of the
joint axesarede�ned by two positionvectorsph andpt (Eq.
(9)), aswell as the separationdistanced. The positionvector
of the measuredtransformAm is a linear function of these
locationparameters,asderived from Eq. (9):

pm (k) = ph + Rh u1(k)d + Rh Rj (k)pt (14)

where

u1(k) =

"
� s1(k)
c1(k)

0

#

: (15)

Givena candidatesetof orientations(Rh ; Rt ) which de�ne
the joint angle values, we can solve directly for the loca-
tion values (ph ; pt ; d) that minimize marker reconstruction

error as a linear least squaresproblem. Each time sample
k provides the following set of equationsfor the positions
(pm 1; pm 2; pm 3) of the threemarkers on the metacarpalseg-
ment:
"

pm 1(k)
pm 2(k)
pm 3(k)

#

=

"
I 3 Rh u1 Rh Rj (k) 03 03
I 3 Rh u1 03 Rh Rj (k) 03
I 3 Rh u1 03 03 Rh Rj (k)

#
2

6
4

ph
d

pt 1
pt 2
pt 3

3

7
5

(16)

whereI 3 is the 3 � 3 identity matrix and03 is a 3 � 3 matrix
of zeros. The measurementsfrom all N time samplesare
combinedin an overdeterminedsystemof equationswhich
is solved in a least squaresmannerfor the 13 � 1 location
parametervector (ph ; d;pt 1; pt 2; pt 3). This completesthe full
speci�cationof (Ah ; A t ) de�ning the orientationandlocation
of theCMC joint axesandin additionprovidestheseparation
distanced betweenthe FE andAA axes.

Conceptually, the axis orientations(zh ; zt ) are de�ned by
two bidirectional lines, but in practice the parameterization
usingdirectedvectorsresultsin multiple equivalentsolutions
in the four-DoF spacewhich differ by a sign change.For a
physical interpretationof theseparationdistanced, we denote
d � 0 when the AA axis is distal to the FE axis and d < 0
when the AA axis is proximal to the FE axis. The middle
section of Fig. 4 (Lines 15–19) reviews this calculation in
pseudocodeform.

E. Data analysis

We determinedindividual CMC joint models from the
experimentaldataby optimizingthecostmetricde�ned in Eq.
(7), whosethreecomponentsmodelprior anatomicknowledge
of the CMC joint. The tuning parameterswereset to � 2 = 5
degrees,� d = 5 mm, and � d = 5 mm. The small value of
� 2 correspondsto small amountsof PSrotation.The positive
value of � d re�ects the anatomicjoint property that the AA
axis is distal to the FE axis, and the value of � d indicates
theexpectedvariationin theanatomically-plausibleseparation
distances.With thesevalues,the cost metric componentsare
of approximatelythe samemagnitude,as determinedfrom
sensitivity testsof the parametervalues.

We alsotestedthreeothercompetingapproachesfor deter-
mining theaxisorientationsof an individual CMC joint. First,
we considera constantsetof in vitro axis orientationswhich
is applied to all individuals. Cooney et al. [5] measuredthe
CMC axes basedon in vitro bone surface geometryfor 10
cadaversandreportedthe meanorientationsof the trapezium
axes with respectto the handdorsumcoordinateframe. We
converted the reportedresults from Cooney et al. [5] for a
�x ed-axisrotation convention, where joint axes are �x ed in
the trapeziumframe,to a moving-axisrotationconventionfor
comparisonto our model,wherethe AA axis is �x ed in the
metacarpalframe and moves relative to the trapezium.The
joint coordinatesystemreportedby Cooney et al. [5] only
de�nes the axis orientationbut not the axis locations.We will



6

calculatethe locationparametersfor eachindividual usingthe
joint anglescorrespondingto thesetof constantaxisdirections
(zh ; zt ) convertedfrom the Cooney et al. [5] results(further
describedbelow).

Second,we testanoptimizationapproachwhoseminimiza-
tion cost metric is the marker trajectory reconstructionerror
for a three-DoFjoint model.For a candidatesetof joint axis
directions(zh ; zt ), the full set of three joint anglesand the
location parameterswere computedas describedpreviously
for our method.Thecostfor theset(zh ; zt ) is thencalculated
from thejoint anglesandlocationparametersastheroot-mean-
square(RMS) distancebetweenthe measuredand predicted
marker positionsover all the markersandall time samples.

The third approachwe tested is an optimization of the
marker trajectory reconstructionerror for a two-DoF joint
model.We usethis modelto investigatehow modelconstraints
affect theoptimizationof reconstructionerror. To performthis
optimization, we computedreconstructionerror as follows.
After solving for the full setof threejoint anglesandlocation
parametersgiven a pair (zh ; zt ), the value of � 2 was �x ed
to the meanjoint angle.The marker reconstructionerror was
thencomputedfrom the two-DoF joint anglevaluesof � 1 and
� 3, the constantvalueof � 2, and the locationparameters.

Theoptimizationmethodusedfor thethreeoptimizationap-
proacheswasimplementedin MATLAB (R2006a,Mathworks,
Inc.; Natick, MA) using the built-in simplex optimization
algorithm fminsearch to minimize the cost metric. The four-
dimensionalsearchdomainrepresentsthesetof axisdirections
(zh ; zt ). The two numbersfor eachz-axis direction are the
x and y componentsof an axis-anglerotation which aligns
the current z-axis to the new z-axis direction. To improve
the quality of the solution and addressthe problemof local
minima, the searchwas initialized ten times. For each ini-
tialization, the two axis-anglerotationsde�ning the directions
(zh ; zt ) were chosenrandomly from a uniform distribution
of (x; y) points within a circle of radius �

2 . This distribution
correspondsto onehemisphereof possiblez-axisdistributions.
The best overall local minimum from the ten initializations
wasselectedasthe �nal solutionfor the given datasequence.
Preliminary testing on a small sampleof the available data
determinedthe choiceof ten initializationsto be suf�cient for
repeatableoptimizationresults.

For all three optimization approaches,the optimization
techniquewas applied separatelyto the two repetitionsof
the calibration movement. The two resulting joint models
were comparedin two-fold crossvalidation where the cost
metric was evaluatedon the motion of one repetition using
the optimizationresult for (zh ; zt ) from the other repetition.
Thesolutionwith the lower cross-validationcostwasselected
asthe �nal singleCMC modelfor theparticularsubjecthand.

For eachof the four approaches,the solution for (zh ; zt )
was then used to computethe correspondingjoint variable
valuesand the location parametersfrom the combineddata
set of both calibration movement repetitions.The average
skew betweenthe FE and AA axes is the mean value of
the PS angle � 2 from the recordedmovement.RoM for all
three joint angleswas measuredas the differencebetween
the maximumand minimum values,as in Eq. (5). The RMS

marker position reconstructionerror can be computedfrom
theestimatedlocationparametersandjoint anglevalues.Note
that for the marker reconstructionoptimization approachof
the two-DoF model,the valueof � 2 is only �x ed to the mean
joint angle for computingthe cost metric, but for reporting
results,the full setof varyingvaluesfor � 1; � 2; and� 3 is used
for evaluation of the RoM, location parameters,and marker
reconstructionerror.

For the threeoptimizationapproaches,the meandirection
of the axes zh and zt was calculatedby representingeach
subject-speci�cdirection as a point on the unit sphereand
usingthesphericalaveragingtechniquedevelopedby Bussand
Fillmore [19]. The resultsfor the left handwereconvertedto
theright handcoordinateframe,suchthata singledistribution
of axis orientationsincluded results for both hands of all
subjects.The meandirection �z wascomparedto the constant
in vitro joint axis direction zc reportedby Cooney et al. [5].
Inter-subjectvariability is measuredfrom theangulardeviation
of an individual axis orientationz relative to the meanaxis
orientation�z.

I I I . RESULTS

Optimizing the anatomy-basedcost metric resultedin an
intuitive alignmentof the CMC axes due to the qualitative
characteristicsmodeledin the cost metric (Fig. 5). The av-
erageaxis directionsfrom our proposedoptimizationmethod
differedfrom theconstantin vitro axisdirectionsby 20degrees
and 35 degreesfor zh and zt , respectively (Table II). The
deviation of a subject-speci�caxis to the meanaxis was at
most27 degreesand53 degreesfor zh andzt . In contrast,the
optimizationof marker reconstructionerror for both the three-
DoF andtwo-DoF joint modelsfailed to consistentlyestimate
anatomically-plausibledirections.For the reconstructionop-
timization of a three-DoFmodel, the deviation of a subject-
speci�c axis was as much as 105 and 96 degreeszh and zt

respectively, indicating a lack of consistentaxis directions.
The reconstructionoptimization of the two-DoF model also
resultedin large maximumdeviations of 105 and 95 degrees
for zh andzt respectively, andtheaveragelocationof theAA
axis in themetacarpalframedifferedunacceptablyfrom zc by
72 degrees.

For all four approaches,the resulting RoMs (Table III)
decreasein orderof FE,AA, andPSmovement,asin previous
descriptionsof the functionalCMC motion [1]. However, the
RoMs determinedfrom our anatomy-basedoptimizationwere
the most consistentwith the conceptthat the CMC joint is
predominantlya two-DoF joint. The PSRoM wason average
23 degreesandat most34 degreesusingour approach,while
for the other three approachesthe averagewas at least 28
degreesandthemaximumwasat least49 degrees.In addition,
the anatomy-basedoptimization measuredoverall larger FE
RoM than the other two models due to the alignment of
the axis orientationsto eachsubject's speci�c movement.In
a comparisonof the marker reconstructionoptimization for
a three-DoF model and two-DoF model, the constraint in
the two-DoF model resultsin a smaller PS RoM. Since the
optimizationof marker reconstructionerror for the three-DoF
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Fig. 5. (a,b) CMC joint model resultsfor our anatomy-basedoptimization
approachare representedby averagedirectionsof the FE axis and AA axis
over 48 handsfrom 24 subjects.Theconedenotesthemeanangulardeviation
from the meandirection (Table II). (c,d) Close-upviews of the CMC joint
modelfor oneexamplesubject.(c) In the radial view, the separationdistance
betweenjoint axes is nearly orthogonalto the page.(d) In the dorsalview,
the white line highlightsthe separationdistancebetweenthe FE andAA axis
locations.

model is the least constrainedwith respectto possiblejoint
anglevalues,for two individual thumbstheoptimizationresult
with the least reconstructionerror occurrednear the rotation
singularities� 2 = � suchthat theFE RoM andAA RoM were
greaterthan145 degrees.

The anatomy-basedoptimization also resulted in models
wheretheFE axiswasalwaysproximal to theAA axis,unlike
theothermodelswhich resultedin theFE axisdistalto theAA
axis for 10%, 35%, and67%, respectively, of the thumbsfor
theconstantaxisorientationmodel,marker reconstructionop-
timization of the three-DoFmodel,andmarker reconstruction
optimizationof thetwo-DoFmodel.Overall, for our anatomy-
basedapproach,the separationdistancebetweenthe FE and
AA axes of eachindividual CMC joint model was 4.6 mm
on average,with 1.2 mm standarddeviation acrossall hands.
Themeanvalueof thePSangle� 2, representingskew between
the FE andAA axes,was87 � 17 degrees(mean� standard
deviation) from thepositive �e xion axis to thepositive abduc-
tion axis.AverageRMS reconstructionerrorfor thecalibration
movementwas 2.4 mm per marker, which was only slightly
greaterthan2.2mm,1.9mm,and2.0mm for theconstantaxis
orientationmodel, marker reconstructionoptimizationof the
three-DoFjoint model,andmarker reconstructionoptimization

of the two-DoF joint model,respectively.
Repeatabilityof the methodsis measuredby the difference

betweenthe optimizedparametervaluesfor the two separate
repetitionsof the calibrationmovement(TableIV). By de�ni-
tion, the constantaxis orientationmodel is 100% repeatable
for the axis orientationssinceit modelszero inter- and intra-
subject variability. In comparingthe three optimization ap-
proaches,the resultingFE axisdirectionwith maximumRoM
estimatedfrom our anatomy-basedapproachwas repeatable
for at leastanadditional31%of theindividual handsthanthat
from either of the two marker reconstructionoptimizations.
The differencein repeatabilityof the AA axis with medium
RoM waslessclearwith respectto thereconstructionapproach
for the two-DoF model. This suggeststhat the FE axis with
maximumRoM is more well-de�ned than the AA axis with
mediumRoM. For the relative con�gurations of the FE and
AA axes, our anatomy-basedapproachhad the maximum
repeatabilityof all three approachesfor valuesof the mean
� 2 skew angle within 1 degree and the separationdistance
d within 0.5 mm. Overall, our optimizationof the anatomy-
basedcost metric allowed for inter-subject variation of the
joint axisdirectionsandin additionresultedin improvedintra-
subjectrepeatabilityof theseparationdistanceandskew angle
betweenthe dominantaxes.

IV. DISCUSSION

Our method �ts a subject-speci�cCMC joint model for
evaluatingCMC mobility with respectto axesthatarealigned
to an individual's particularmotion. The anatomy-basedcost
metric re�ects the preferencefor consistency with known
CMC characteristicsoverpurelyminimizing themarker recon-
structionerror, which may result in anatomically-implausible
parameterestimates.A convenient featureof the method is
the simpli�ed parameterizationof the problemsuch that the
pair of axis orientations(zh ; zt ) are suf�cient to determine
the entire joint model, including axis locations, separation
distancebetweenaxes, and skew angle betweenaxes. The
low-dimensionalparameterizationof candidatejoint models
simpli�es the complexity of the searchspacewhich reduces
the computationalexpenseof the optimization, and a rea-
sonableoptimum solution is found with a small numberof
reinitializations.

A. Descriptionof thumbkinematics

Measurementsof thefunctionaljoint anglesacross48 hands
from 24 subjectsshow thatCMC mobility canbedescribedby
two dominantDoFsof FE rotationandAA rotation.However,
the amountof PS rotation is not necessarilynegligible given
that thePSRoM for active movementwas23 degreeson aver-
ageandashigh as34 degreesfor oneindividual. Investigation
of the joint angle trajectoriesfor a subsetof the measured
sequencesdid not �nd that any speci�c part of the calibration
motion consistentlyexhibited greaterPS rotation. PS move-
ment was presentthroughoutthe calibration movement,and
the PSRoM differedby only a few degreesbetweenthe four
parts. Our techniqueprovides a way to determinethe two
dominantaxesof rotationwithout precludingmeasurementof
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TABLE II
DISTRIBUTION OF CMC FE AXIS AND AA AXIS DIRECTIONS OVER 48 HANDS OF 24 SUBJECTS FOR THE THREE OPTIMIZATION APPROACHES. WE
COMPARE THE MEAN DIRECTION FROM EACH SET OF OPTIMIZED AXES TO FIXED AXIS ORIENTATIONS DETERMINED FROM in vitro BONE SURFACE
GEOMETRY BY COONEY ET AL . [5] . THE MEAN AND MAXIMUM DEVIATION OF THE OPTIMIZED AXES REFLECT THE AMOUNT OF INTER-SUBJECT

VARIABILITY CORRESPONDING TO EACH MODEL .

Model Angular deviation (degrees)from meanaxis �z to

�

���
�

�

� � Constantaxis zc from Subject-speci�caxis z
in vitro joint model, 
 mean� [maximum� ]

zh (FE) zt (AA) zh (FE) zt (AA)

Marker reconstructionoptimization,three-DoFmodel 26 7 44[ 105 ] 45[ 96 ]
Marker reconstructionoptimization,two-DoF model 40 72 38[ 105 ] 38[ 95 ]
Anatomy-basedoptimization(our method) 20 34 9 [ 27 ] 22[ 53 ]

TABLE III
MEASURED RANGE OF MOTION FOR ACTIVE MOVEMENT OF THE CMC JOINT FOR FOUR MODELING APPROACHES: CONSTANT AXIS ORIENTATIONS FOR
ALL SUBJECTS BASED ON in vitro MEASUREMENTS [5] , SUBJECT-SPECIFIC AXES FITTED FROM OPTIMIZING THE MARKER RECONSTRUCTION ERROR FOR

A THREE-DOF JOINT MODEL , SUBJECT-SPECIFIC AXES FITTED FROM OPTIMIZING THE MARKER RECONSTRUCTION ERROR FOR A TWO-DOF JOINT
MODEL , AND SUBJECT-SPECIFIC AXES FITTED FROM OPTIMIZING AN ANATOMY-BASED COST METRIC (OUR METHOD).

Model Active rangeof motion (degrees)
mean [ maximum]

� 1 (FE) � 2 (PS) � 3 (AA)

Constantaxis orientationmodel 69 [ 87] 29 [49] 46 [ 77]
Marker reconstructionoptimization,three-DoFmodel 66 [182] 44 [71] 62 [164]
Marker reconstructionoptimization,two-DoF model 71 [146] 28 [51] 66 [112]
Anatomy-basedoptimization(our method) 76 [ 98] 23 [34] 43 [ 69]

TABLE IV
REPEATABILITY OF KINEMATIC PARAMETER ESTIMATES BASED ON THE DIFFERENCE BETWEEN PARAMETER VALUES ESTIMATED FROM TWO SEPARATE

REPETITIONS OF THE ACTIVE ROM CALIBRATION MOVEMENT. THE RESULTS OF USING OUR ANATOMY-BASED COST METRIC ARE COMPARED TO
RESULTS OBTAINED FROM THE CONSTANT AXIS ORIENTATION MODEL REPORTED BY COONEY ET AL . [5] AND TWO OPTIMIZATION APPROACHES WHICH

MINIMIZE MARKER TRAJECTORY RECONSTRUCTION ERROR.

Estimatedparameter Model Percentof handswheredifferencebe-
tweentwo estimatesis within

Orientationparameters 5 degrees 10 degrees 20 degrees

zh (FE axis) direction Constantaxis orientationmodel 100 100 100
Marker reconstructionoptimization,three-DoFmodel 8 25 38
Marker reconstructionoptimization,two-DoF model 33 58 69
Anatomy-basedoptimization(our method) 65 94 100

zt (AA axis) direction Constantaxis orientationmodel 100 100 100
Marker reconstructionoptimization,three-DoFmodel 17 27 46
Marker reconstructionoptimization,two-DoF model 31 52 67
Anatomy-basedoptimization(our method) 23 54 88

1 degree 5 degrees 10 degrees

Mean � 2 value, Constantaxis orientationmodel 35 60 92
de�ning skew between Marker reconstructionoptimization,three-DoFmodel 4 23 40
FE andAA axes Marker reconstructionoptimization,two-DoF model 27 44 60

Anatomy-basedoptimization(our method) 77 88 98

Locationparameter 0.5 mm 1 mm 2 mm

Separationd between Constantaxis orientationmodel 60 98 100
FE andAA axes Marker reconstructionoptimization,three-DoFmodel 23 52 65

Marker reconstructionoptimization,two-DoF model 44 73 81
Anatomy-basedoptimization(our method) 88 100 100
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thePSRoM, aswouldbenecessaryfor previousmodelswhich
assumea priori that the joint hasonly two rotationalDoFs.

Our non-invasive technique�ts a subject-speci�cmodel to
motion datawhich samplesthe entire spaceof in vivo CMC
joint con�gurations,ratherthan determiningthe axis orienta-
tions from simpli�ed movementsrestrictedto, for example,
only �e xion or circumduction.We found that the AA axis
waslesswell de�ned thanthe FE axis, andfuture studiesare
neededto explore whetherthis is explainedby the anatomical
joint constraints.In addition, our method can measurethe
averageskew angle and separationdistancebetweenthe FE
axis and AA axis, and our estimatesfor both values were
anatomically-plausible.

B. Crafting a reliable costmetric

Our choiceof optimizationcostmetriccomponentsis based
on anatomicCMC joint properties,ratherthana minimization
of only the marker trajectoryreconstructionerror as usedin
prior work [14–16]. Optimizing the reconstructedmarker po-
sitionswasinsuf�cient for �tting an anatomically-meaningful
model,sincetheremaybeseveralcandidatesolutionswith low
reconstructionerror but whosecorrespondingjoint angleval-
ues are inconsistentwith functional anatomicaldescriptions.
In addition, using the reconstructionerror as the cost metric
resultedin decreasedrepeatabilityof the estimatedkinematic
parameters(TableIV). The loss in the anatomicalplausibility
and repeatabilitycorrespondsto only a slight improvement
in the meanRMS reconstructionerror from 2.4 mm for our
method to 1.9 mm in the best alternative we tested. It is
possible that the small scale of the hand complicatesthe
applicability of evaluating only marker reconstructionerror
to �t anatomically-meaningfuljoint axes, which has been
successfullyaccomplishedfor other joints of the body [14–
16].

Ouranatomy-basedapproachallowedusto incorporateprior
knowledge about the CMC joint to solve for anatomically-
plausiblejoint parameters,and the resultsof our methoddo
dependon the selectedvalues of the weighting parameters
usedto tune the costmetric. Adjusting the weights,and thus
relative magnitudes,of thecostcomponentswill biastheresult
toward joint modelswhich satisfy the modeledconstraintsto
differentdegrees.Our experiencewasthateven in thereduced
dimensionality of the search space, there may be several
near-optimum solutionsassociatedwith eachindividual cost
componentsuchthatanunbalancedrelativeweightingmaynot
satisfyall of theconstraintsreasonably. For example,choosing
� 2 = 10 degreesin our sensitivity testsrelaxes the constraint
for smallvariationin thePSanglewhich for somesubjectsled
to a solution wherethe AA and PS axes were misalignedto
achieve a smallervalueof f R oM . Theparametersof � d and� d

werealsocritical for weightingthecostmetric towardpositive
valuesof the separationdistancewithout compromisingthe
metrics on the joint angles.Selecting � d = 10 mm and
� d = 5 mm, for example, did result in larger separation
distancevalues,but the axis orientationsweremisalignedfor
a few subjectssuch that the AA RoM was greaterthan the
FE RoM or the PS RoM was greater than the AA RoM.

Given the importanceof selecting appropriateweights for
the optimization, the sensitivity to optimization parameters
might be further investigatedusing Monte Carlo simulations
to determinethe distribution of possibleparametervalues.
In addition, the weighting parametersin this study re�ect
prior knowledgeof unimpairedCMC joints, and more work
is neededto determinehow to changetheparametersandcost
metric for evaluationof pathologicaljoints.

C. Marker protocol considerations

Although our experimentsusedthe samemarker protocol
for all subjects for the purpose of reporting inter-subject
variability with respectto a consistentreferenceframe, the
presentedoptimization framework is generaland can work
with any arbitrary choice of the hand TCS and thumb TCS
that de�ne the con�gurations of trapeziumbone and thumb
metacarpalbone.Whenusingsurfacemarker techniques,how-
ever, the marker placementshouldstill be designedcarefully
to minimizesystematicerrordueto thedifferencebetweenthe
TCS on the skin surfaceand the ideal coordinatesystemof
thebone.Thequality of theoptimizationresultis alsolimited
by the amountof non-rigidity of the marker set.

For our experimentalprotocol,relative motion betweenthe
trapezium bone and the metacarpalbones or betweenthe
secondand third metacarpalbonesare potential sourcesof
systematicartifactsin the TCS measurement.Skin movement
relative to the bone also affects the reliability of the TCS
measurement.We tried to reducetheseartifactsby spacingout
marker positionsover the segmentsand directing subjectsto
avoid motionof otherhandjoints duringthecalibrationmove-
ment. The motion artifacts may be interpretedas additional
rotation or translationof the coordinateframes,but our re-
sultssuggestthat theoptimizationmethod�nds anatomically-
plausible orientationsof the joint axes which can be used
to reasonablyevaluate the joint RoM. Further investigation
is required to determinethe robustnessto additional skin
artifactsresultingfrom more functionally-relevant calibration
movementswhich includemotion of the otherhandjoints.

Anotherpoint of cautionis that the costmetric component
modeling the varianceof the PS angleand the leastsquares
estimateof the location parametersare sensitive to outliers
in the marker trajectories.The perturbationdue to outliers
was reducedby omitting any time sampleswith occluded
markers ratherthanmanually�lling the trajectorygaps.This
waspossiblesinceour methodrequiresonly a setof multiple
CMC joint con�gurationsthat is not necessarilya continuous
motion trajectory. In addition, the least squaresestimateof
the locationparametersusesthepositionsof multiple markers
on the thumb metacarpalinsteadof only the single marker
denoting the thumb TCS frame origin. While this doesnot
accountfor systematicerroraffectingtheentiremarker set,we
areableto estimatetheparametersdescribingthe locationand
separationbetweenjoint axes which are consistentwith the
CMC joint anatomyeven in thepresenceof skin deformation.

D. Extensionsfor further study

Although we use one speci�c DH parameterizationof
the motion transform A j , the method can be adaptedfor
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other representationsof three sequentialrotationsabout the
coordinatesystemaxes.In all casestheorientationof the joint
axes are independentof the position parametersof the joint
model.Regardlessof theorderof coordinateaxesrotationused
to parameterizeRj , onecolumnvectorof Rh denotesthe �rst
axis of rotationandonevectorin RT

t denotesthe third axis of
rotation.Thus,the reducedfour-DoF parameterizationfor the
joint axescanbe usedwith other rotationconventions.

Our method solves for a set of joint axes which are
alignedto an individual's patternof motion,andit is suitable
for objectively and non-invasively measuringthe CMC joint
mobility from the three joint angle RoMs. In addition, the
methodcan be used in a skeletal-�tting procedureto auto-
matically constructa subject-speci�ckinematic hand model
for applicationssuchashapticinterfaces,virtual rehabilitation
systems,andcomputergraphics.The developedframework is
not limited to surfacemarker techniques,as it canaccommo-
dateany experimentaltechnologywhich measuresthe relative
transformbetweena TCS de�ning the trapeziumframeanda
TCS de�ning the thumb metacarpalboneframe. A potential
avenuefor further researchis to usethe optimizationmethod
togetherwith medicalimaging techniqueswhich measurethe
bone con�gurations directly to investigate the relationship
betweentheaxesderivedfrom themotionpatternandtheaxes
de�ned by bonesurfacegeometry. The estimationof the joint
axes orientationand location parametersmay then be used
for periodic evaluation of the bone surface wear, soft tissue
deterioration,andchangesin thumbmobility.
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