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Smoothed Particle Hydrodynamics
struct particle {

double mass;
double position[3];
double velocity[3];

}
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• Properties:

• Symmetric:

• Finite Support:

• Flat at center:

• Normalized:

W (x) = 0 ∀||x|| > h

∇W (0) = 0∫
W (x)dx = 1

W (x) = W (−x)
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everywhere else. This field is called color field in the litera-

ture. For the smoothed color field we get:

cS(r) = ∑
j

m j
1

ρ j
W (r− r j,h). (15)

The gradient field of the smoothed color field

n= ∇cs (16)

yields the surface normal field pointing into the fluid and the

divergence of n measures the curvature of the surface

κ =
−∇2cs

|n| . (17)

The minus is necessary to get positive curvature for con-

vex fluid volumes. Putting it all together, we get for the sur-

face traction:

t
surface = σκ n|n| (18)

To distribute the surface traction among particles near the

surface and to get a force density we multiply by a normal-

ized scalar field δs = |n| which is non-zero only near the
surface. For the force density acting near the surface we get

f
surface = σκn= −σ∇2

cS
n

|n| (19)

Evaluating n/|n| at locations where |n| is small causes nu-
merical problems. We only evaluate the force if |n| exceeds
a certain threshold.

3.4. External Forces

Our simulator supports external forces such as gravity, col-

lision forces and forces caused by user interaction. These

forces are applied directly to the particles without the use of

SPH. When particles collide with solid objects such as the

glass in our examples, we simply push them out of the ob-

ject and reflect the velocity component that is perpendicular

to the object’s surface.

3.5. Smoothing Kernels

Stability, accuracy and speed of the SPH method highly de-

pend on the choice of the smoothing kernels. The kernels

we use have second order interpolation errors because they

are all even and normalized (see Fig. 2). In addition, kernels

that are zero with vanishing derivatives at the boundary are

conducive to stability. Apart from those constraints, one is

free to design kernels for special purposes. We designed the

following kernel

Wpoly6(r,h) =
315

64πh9

{
(h2− r2)3 0≤ r ≤ h

0 otherwise
(20)

and use it in all but two cases. An important feature of this

simple kernel is that r only appears squared which means
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Figure 2: The three smoothing kernels Wpoly6, Wspiky and

Wviscosity (from left to right) we use in our simulations. The

thick lines show the kernels, the thin lines their gradients

in the direction towards the center and the dashed lines the

Laplacian. Note that the diagrams are differently scaled. The

curves show 3-d kernels along one axis through the center

for smoothing length h= 1.

that is can be evaluated without computing square roots in

distance computations. However, if this kernel is used for the

computation of the pressure forces, particles tend to build

clusters under high pressure. As particles get very close to

each other, the repulsion force vanishes because the gradient

of the kernel approaches zero at the center. Desbrun2 solves

this problem by using a spiky kernel with a non vanishing

gradient near the center. For pressure computations we use

Debrun’s spiky kernel

Wspiky(r,h) =
15

πh6

{
(h− r)3 0≤ r ≤ h

0 otherwise,
(21)

that generates the necessary repulsion forces. At the bound-

ary where it vanishes it also has zero first and second deriva-

tives.

Viscosity is a phenomenon that is caused by friction and,

thus, decreases the fluid’s kinetic energy by converting it into

heat. Therefore, viscosity should only have a smoothing ef-

fect on the velocity field. However, if a standard kernel is

used for viscosity, the resulting viscosity forces do not al-

ways have this property. For two particles that get close to

each other, the Laplacian of the smoothed velocity field (on

which viscosity forces depend) can get negative resulting in

forces that increase their relative velocity. The artifact ap-

pears in coarsely sampled velocity fields. In real-time appli-

cations where the number of particles is relatively low, this

effect can cause stability problems. For the computation of

viscosity forces we, thus, designed a third kernel:

Wviscosity(r,h) =
15

2πh3

{
− r3

2h3
+ r2

h2
+ h
2r −1 0≤ r ≤ h

0 otherwise.
(22)

whose Laplacian is positive everywhere with the following
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tion are needed to simulate fluids. Since those equations are

known and computers are available to solve them numeri-

cally, a large number of methods have been proposed in the

CFD literature to simulate fluids on computers.

Since about two decades, special purpose fluid simula-

tion techniques have been developed in the field of computer

graphics. In 1983 T. Reeves17 introduced particle systems as

a technique for modeling a class of fuzzy objects. Since then

both, the particle-based Lagrangian approach and the grid-

based Eulerian approach have been used to simulate fluids

in computer graphics. Desbrun and Cani2 and Tonnesen22

use particles to animate soft objects. Particles have also been

used to animate surfaces7, to control implicit surfaces23 and

to animate lava flows20. In recent years the Eulerian ap-

proach has been more popular as for the simulation of fluids

in general18, water 4, 3, 21, soft objects14 and melting effects1.

So far only a few techniques optimized for the use in in-

teractive systems are available. Stam’s method18 that is grid

based is certainly an important step towards real-time simu-

lation of fluids. For the special case of fluids that can be rep-

resented by height fields, interactive animation techniques

are available as well6.

Here we propose a particle-based approach based on

Smoothed Particle Hydrodynamics to animate arbitrary fluid

motion.

1.3. Our Contribution

We propose a method based on Smoothed Particles Hydro-

dynamics (SPH)9 to simulate fluids with free surfaces. Stam

and Fiume first introduced SPH to the graphics community

to depict fire and other gaseous phenomena19. Later, Des-

brun used SPH to animate highly deformable bodies2. We

extend his method focussing on the simulation of fluids. To

this end, we derive the viscosity and pressure force fields di-

rectly from the Navier-Stokes equation and propose a way

to model surface tension forces. For the purpose of interac-

tivity, we designed new special purpose smoothing kernels.

Surface tracking and surface rendering at interactive rates

are difficult problems for which we describe possible solu-

tions.

2. Smoothed Particle Hydrodynamics

Although Smoothed Particle Hydrodynamics (SPH) was de-

veloped by Lucy9 and Gingold and by Monaghan5 for the

simulation of astrophysical problems, the method is general

enough to be used in any kind of fluid simulation. For in-

troductions to SPH we refer the reader to Monaghan10 or

Münzel13.

SPH is an interpolation method for particle systems. With

SPH, field quantities that are only defined at discrete parti-

cle locations can be evaluated anywhere in space. For this

purpose, SPH distributes quantities in a local neighborhood

of each particle using radial symmetrical smoothing kernels.

According to SPH, a scalar quantity A is interpolated at loca-

tion r by a weighted sum of contributions from all particles:

AS(r) = ∑
j

m j

A j

ρ j
W (r− r j,h), (1)

where j iterates over all particles, mj is the mass of particle

j, r j its position, ρ j the density and Aj the field quantity at

r j .

The functionW (r,h) is called the smoothing kernel with
core radius h. Since we only use kernels with finite support,

we use h as the radius of support in our formulation. IfW is

even (i.e.W (r,h) =W (−r,h)) and normalized, the interpo-
lation is of second order accuracy. The kernel is normalized

if
∫
W (r)dr= 1. (2)

The particle mass and density appear in Eqn. (1) because

each particle i represents a certain volumeVi =mi/ρi. While
the massmi is constant throughout the simulation and, in our

case, the same for all the particles, the density ρi varies and
needs to be evaluated at every time step. Through substitu-

tion into Eqn. (1) we get for the density at location r:

ρS(r) = ∑
j

m j

ρ j

ρ j
W (r− r j,h) = ∑

j

m jW (r− r j,h). (3)

In most fluid equations, derivatives of field quantities ap-

pear and need to be evaluated. With the SPH approach, such

derivatives only affect the smoothing kernel. The gradient of

A is simply

∇AS(r) = ∑
j

m j

A j

ρ j
∇W (r− r j,h) (4)

while the Laplacian of A evaluates to

∇2
AS(r) = ∑

j

m j

A j

ρ j
∇2

W (r− r j,h). (5)

It is important to realize that SPH holds some inherent prob-

lems.When using SPH to derive fluid equations for particles,

these equations are not guaranteed to satisfy certain physi-

cal principals such as symmetry of forces and conservation

of momentum. The next section describes our SPH-based

model and techniques to solve these SPH-related problems.

3. Modelling Fluids with Particles

In the Eulerian (grid based) formulation, isothermal fluids

are described by a velocity field v, a density field ρ and a
pressure field p. The evolution of these quantities over time

is given by two equations. The first equation assures conser-

vation of mass

∂ρ
∂t +∇ · (ρv) = 0, (6)

c© The Eurographics Association 2003.

Müller et al / Particle-Based Fluid Simulation for Interactive Applications

tion are needed to simulate fluids. Since those equations are

known and computers are available to solve them numeri-

cally, a large number of methods have been proposed in the

CFD literature to simulate fluids on computers.

Since about two decades, special purpose fluid simula-

tion techniques have been developed in the field of computer

graphics. In 1983 T. Reeves17 introduced particle systems as

a technique for modeling a class of fuzzy objects. Since then

both, the particle-based Lagrangian approach and the grid-
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in computer graphics. Desbrun and Cani2 and Tonnesen22

use particles to animate soft objects. Particles have also been

used to animate surfaces7, to control implicit surfaces23 and

to animate lava flows20. In recent years the Eulerian ap-

proach has been more popular as for the simulation of fluids

in general18, water 4, 3, 21, soft objects14 and melting effects1.

So far only a few techniques optimized for the use in in-

teractive systems are available. Stam’s method18 that is grid

based is certainly an important step towards real-time simu-

lation of fluids. For the special case of fluids that can be rep-

resented by height fields, interactive animation techniques

are available as well6.

Here we propose a particle-based approach based on

Smoothed Particle Hydrodynamics to animate arbitrary fluid

motion.

1.3. Our Contribution

We propose a method based on Smoothed Particles Hydro-

dynamics (SPH)9 to simulate fluids with free surfaces. Stam

and Fiume first introduced SPH to the graphics community

to depict fire and other gaseous phenomena19. Later, Des-

brun used SPH to animate highly deformable bodies2. We

extend his method focussing on the simulation of fluids. To

this end, we derive the viscosity and pressure force fields di-

rectly from the Navier-Stokes equation and propose a way

to model surface tension forces. For the purpose of interac-

tivity, we designed new special purpose smoothing kernels.

Surface tracking and surface rendering at interactive rates

are difficult problems for which we describe possible solu-

tions.

2. Smoothed Particle Hydrodynamics

Although Smoothed Particle Hydrodynamics (SPH) was de-

veloped by Lucy9 and Gingold and by Monaghan5 for the

simulation of astrophysical problems, the method is general

enough to be used in any kind of fluid simulation. For in-

troductions to SPH we refer the reader to Monaghan10 or

Münzel13.

SPH is an interpolation method for particle systems. With

SPH, field quantities that are only defined at discrete parti-

cle locations can be evaluated anywhere in space. For this

purpose, SPH distributes quantities in a local neighborhood

of each particle using radial symmetrical smoothing kernels.

According to SPH, a scalar quantity A is interpolated at loca-

tion r by a weighted sum of contributions from all particles:

AS(r) = ∑
j

m j

A j

ρ j
W (r− r j,h), (1)

where j iterates over all particles, mj is the mass of particle

j, r j its position, ρ j the density and Aj the field quantity at

r j .

The functionW (r,h) is called the smoothing kernel with
core radius h. Since we only use kernels with finite support,

we use h as the radius of support in our formulation. IfW is

even (i.e.W (r,h) =W (−r,h)) and normalized, the interpo-
lation is of second order accuracy. The kernel is normalized

if
∫
W (r)dr= 1. (2)

The particle mass and density appear in Eqn. (1) because

each particle i represents a certain volumeVi =mi/ρi. While
the massmi is constant throughout the simulation and, in our

case, the same for all the particles, the density ρi varies and
needs to be evaluated at every time step. Through substitu-

tion into Eqn. (1) we get for the density at location r:

ρS(r) = ∑
j

m j

ρ j

ρ j
W (r− r j,h) = ∑

j

m jW (r− r j,h). (3)

In most fluid equations, derivatives of field quantities ap-

pear and need to be evaluated. With the SPH approach, such

derivatives only affect the smoothing kernel. The gradient of

A is simply

∇AS(r) = ∑
j

m j

A j

ρ j
∇W (r− r j,h) (4)

while the Laplacian of A evaluates to

∇2
AS(r) = ∑

j

m j

A j

ρ j
∇2

W (r− r j,h). (5)

It is important to realize that SPH holds some inherent prob-

lems.When using SPH to derive fluid equations for particles,

these equations are not guaranteed to satisfy certain physi-

cal principals such as symmetry of forces and conservation

of momentum. The next section describes our SPH-based

model and techniques to solve these SPH-related problems.

3. Modelling Fluids with Particles

In the Eulerian (grid based) formulation, isothermal fluids

are described by a velocity field v, a density field ρ and a
pressure field p. The evolution of these quantities over time

is given by two equations. The first equation assures conser-

vation of mass

∂ρ
∂t +∇ · (ρv) = 0, (6)
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tion are needed to simulate fluids. Since those equations are

known and computers are available to solve them numeri-

cally, a large number of methods have been proposed in the

CFD literature to simulate fluids on computers.

Since about two decades, special purpose fluid simula-

tion techniques have been developed in the field of computer

graphics. In 1983 T. Reeves17 introduced particle systems as

a technique for modeling a class of fuzzy objects. Since then

both, the particle-based Lagrangian approach and the grid-

based Eulerian approach have been used to simulate fluids

in computer graphics. Desbrun and Cani2 and Tonnesen22

use particles to animate soft objects. Particles have also been

used to animate surfaces7, to control implicit surfaces23 and

to animate lava flows20. In recent years the Eulerian ap-

proach has been more popular as for the simulation of fluids

in general18, water 4, 3, 21, soft objects14 and melting effects1.

So far only a few techniques optimized for the use in in-

teractive systems are available. Stam’s method18 that is grid

based is certainly an important step towards real-time simu-

lation of fluids. For the special case of fluids that can be rep-

resented by height fields, interactive animation techniques

are available as well6.

Here we propose a particle-based approach based on

Smoothed Particle Hydrodynamics to animate arbitrary fluid

motion.

1.3. Our Contribution

We propose a method based on Smoothed Particles Hydro-

dynamics (SPH)9 to simulate fluids with free surfaces. Stam

and Fiume first introduced SPH to the graphics community

to depict fire and other gaseous phenomena19. Later, Des-

brun used SPH to animate highly deformable bodies2. We

extend his method focussing on the simulation of fluids. To

this end, we derive the viscosity and pressure force fields di-

rectly from the Navier-Stokes equation and propose a way

to model surface tension forces. For the purpose of interac-

tivity, we designed new special purpose smoothing kernels.

Surface tracking and surface rendering at interactive rates

are difficult problems for which we describe possible solu-

tions.

2. Smoothed Particle Hydrodynamics

Although Smoothed Particle Hydrodynamics (SPH) was de-

veloped by Lucy9 and Gingold and by Monaghan5 for the

simulation of astrophysical problems, the method is general

enough to be used in any kind of fluid simulation. For in-

troductions to SPH we refer the reader to Monaghan10 or

Münzel13.

SPH is an interpolation method for particle systems. With

SPH, field quantities that are only defined at discrete parti-

cle locations can be evaluated anywhere in space. For this

purpose, SPH distributes quantities in a local neighborhood

of each particle using radial symmetrical smoothing kernels.

According to SPH, a scalar quantity A is interpolated at loca-

tion r by a weighted sum of contributions from all particles:

AS(r) = ∑
j

m j

A j

ρ j
W (r− r j,h), (1)

where j iterates over all particles, mj is the mass of particle

j, r j its position, ρ j the density and Aj the field quantity at

r j .

The functionW (r,h) is called the smoothing kernel with
core radius h. Since we only use kernels with finite support,

we use h as the radius of support in our formulation. IfW is

even (i.e.W (r,h) =W (−r,h)) and normalized, the interpo-
lation is of second order accuracy. The kernel is normalized

if
∫
W (r)dr= 1. (2)

The particle mass and density appear in Eqn. (1) because

each particle i represents a certain volumeVi =mi/ρi. While
the massmi is constant throughout the simulation and, in our

case, the same for all the particles, the density ρi varies and
needs to be evaluated at every time step. Through substitu-

tion into Eqn. (1) we get for the density at location r:

ρS(r) = ∑
j

m j

ρ j

ρ j
W (r− r j,h) = ∑

j

m jW (r− r j,h). (3)

In most fluid equations, derivatives of field quantities ap-

pear and need to be evaluated. With the SPH approach, such

derivatives only affect the smoothing kernel. The gradient of

A is simply

∇AS(r) = ∑
j

m j

A j

ρ j
∇W (r− r j,h) (4)

while the Laplacian of A evaluates to

∇2
AS(r) = ∑

j

m j

A j

ρ j
∇2

W (r− r j,h). (5)

It is important to realize that SPH holds some inherent prob-

lems.When using SPH to derive fluid equations for particles,

these equations are not guaranteed to satisfy certain physi-

cal principals such as symmetry of forces and conservation

of momentum. The next section describes our SPH-based

model and techniques to solve these SPH-related problems.

3. Modelling Fluids with Particles

In the Eulerian (grid based) formulation, isothermal fluids

are described by a velocity field v, a density field ρ and a
pressure field p. The evolution of these quantities over time

is given by two equations. The first equation assures conser-

vation of mass

∂ρ
∂t +∇ · (ρv) = 0, (6)
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to model surface tension forces. For the purpose of interac-

tivity, we designed new special purpose smoothing kernels.

Surface tracking and surface rendering at interactive rates

are difficult problems for which we describe possible solu-
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veloped by Lucy9 and Gingold and by Monaghan5 for the

simulation of astrophysical problems, the method is general

enough to be used in any kind of fluid simulation. For in-

troductions to SPH we refer the reader to Monaghan10 or

Münzel13.

SPH is an interpolation method for particle systems. With

SPH, field quantities that are only defined at discrete parti-

cle locations can be evaluated anywhere in space. For this

purpose, SPH distributes quantities in a local neighborhood

of each particle using radial symmetrical smoothing kernels.

According to SPH, a scalar quantity A is interpolated at loca-
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ρ j
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where j iterates over all particles, mj is the mass of particle

j, r j its position, ρ j the density and Aj the field quantity at

r j .
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we use h as the radius of support in our formulation. IfW is
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if
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W (r)dr= 1. (2)

The particle mass and density appear in Eqn. (1) because

each particle i represents a certain volumeVi =mi/ρi. While
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∇2
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∇2
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are available as well6.
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Smoothed Particle Hydrodynamics to animate arbitrary fluid

motion.
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We propose a method based on Smoothed Particles Hydro-

dynamics (SPH)9 to simulate fluids with free surfaces. Stam

and Fiume first introduced SPH to the graphics community

to depict fire and other gaseous phenomena19. Later, Des-

brun used SPH to animate highly deformable bodies2. We

extend his method focussing on the simulation of fluids. To

this end, we derive the viscosity and pressure force fields di-

rectly from the Navier-Stokes equation and propose a way

to model surface tension forces. For the purpose of interac-

tivity, we designed new special purpose smoothing kernels.

Surface tracking and surface rendering at interactive rates

are difficult problems for which we describe possible solu-

tions.

2. Smoothed Particle Hydrodynamics

Although Smoothed Particle Hydrodynamics (SPH) was de-

veloped by Lucy9 and Gingold and by Monaghan5 for the

simulation of astrophysical problems, the method is general

enough to be used in any kind of fluid simulation. For in-

troductions to SPH we refer the reader to Monaghan10 or

Münzel13.

SPH is an interpolation method for particle systems. With

SPH, field quantities that are only defined at discrete parti-

cle locations can be evaluated anywhere in space. For this

purpose, SPH distributes quantities in a local neighborhood

of each particle using radial symmetrical smoothing kernels.

According to SPH, a scalar quantity A is interpolated at loca-

tion r by a weighted sum of contributions from all particles:

AS(r) = ∑
j

m j

A j

ρ j
W (r− r j,h), (1)

where j iterates over all particles, mj is the mass of particle

j, r j its position, ρ j the density and Aj the field quantity at

r j .

The functionW (r,h) is called the smoothing kernel with
core radius h. Since we only use kernels with finite support,

we use h as the radius of support in our formulation. IfW is

even (i.e.W (r,h) =W (−r,h)) and normalized, the interpo-
lation is of second order accuracy. The kernel is normalized

if
∫
W (r)dr= 1. (2)

The particle mass and density appear in Eqn. (1) because

each particle i represents a certain volumeVi =mi/ρi. While
the massmi is constant throughout the simulation and, in our

case, the same for all the particles, the density ρi varies and
needs to be evaluated at every time step. Through substitu-

tion into Eqn. (1) we get for the density at location r:

ρS(r) = ∑
j

m j

ρ j

ρ j
W (r− r j,h) = ∑

j

m jW (r− r j,h). (3)

In most fluid equations, derivatives of field quantities ap-

pear and need to be evaluated. With the SPH approach, such

derivatives only affect the smoothing kernel. The gradient of

A is simply

∇AS(r) = ∑
j

m j

A j

ρ j
∇W (r− r j,h) (4)

while the Laplacian of A evaluates to

∇2
AS(r) = ∑

j

m j

A j

ρ j
∇2

W (r− r j,h). (5)

It is important to realize that SPH holds some inherent prob-

lems.When using SPH to derive fluid equations for particles,

these equations are not guaranteed to satisfy certain physi-

cal principals such as symmetry of forces and conservation

of momentum. The next section describes our SPH-based

model and techniques to solve these SPH-related problems.

3. Modelling Fluids with Particles

In the Eulerian (grid based) formulation, isothermal fluids

are described by a velocity field v, a density field ρ and a
pressure field p. The evolution of these quantities over time

is given by two equations. The first equation assures conser-

vation of mass

∂ρ
∂t +∇ · (ρv) = 0, (6)
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while the Navier-Stokes equation15 formulates conservation

of momentum

ρ
(

∂v
∂t +v ·∇v

)
= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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while the Navier-Stokes equation15 formulates conservation

of momentum

ρ
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∂t +v ·∇v

)
= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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while the Navier-Stokes equation15 formulates conservation

of momentum

ρ
(

∂v
∂t +v ·∇v

)
= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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Pressure

pj = κ(ρj − ρ)
For One Particle:

Spatial Pressure  Evaluation:

∇p(r) =
∑

j

mj
pj

ρj
∇W (r− rj , h)∇p(r) =

∑

j

mj
pj

ρj
∇W (r− rj , h)

pressure force = −∇p(r)

But wait... is this symmetric?



Pressure Symmetry

A B CpA pB pC

d2d1

−∇p(r) =
∑

j

pj∇W (r− rj)
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Pressure Symmetry

A B CpA pB pC

d2d1

fA = -pA∇W(0)
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∑

j

pj∇W (r− rj)
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A B CpA pB pC

d2d1

fA = -pA∇W(0) - pB∇W(-d1)
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j

pj∇W (r− rj)
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−∇p(r) =
∑

j

pj∇W (r− rj)
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A B CpA pB pC
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fA = -pA∇W(0) - pB∇W(-d1) - pC∇W(-d1-d2)

−∇p(r) =
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j

pj∇W (r− rj)

fB = -pA∇W(d1) - pB∇W(0) - pC∇W(-d2)
fC = -pA∇W(d1+d2) - pB∇W(d2) - pC∇W(0)
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Pressure Symmetry

A B CpA pB pC

d2d1

g1 g2

fA = -pA∇W(0) - pB∇W(-d1) - pC∇W(-d1-d2)

−∇p(r) =
∑

j

pj∇W (r− rj)
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fC = -pA∇W(d1+d2) - pB∇W(d2) - pC∇W(0)
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Pressure Symmetry

A B CpA pB pC

d2d1

g1 g2

fA = pB g1

−∇p(r) =
∑

j

pj∇W (r− rj)

fB = -pA g1 + pC g2

fC = - pB g2

g1 = - ∇W(-d1) g2 = - ∇W(-d2)

}
!= 0



Pressure Symmetry

A B CpA pB pC

d2d1

g1 g2

fA =  ½(pA+pB)g1

fB = -½(pA+pB)g1 + ½(pB+pC)g2

fC = -½(pB+pC)g2

g1 = - ∇W(-d1) g2 = - ∇W(-d2)

−∇p(ri) =
∑

j

pi + pj

2
∇W (ri − rj)

}
= 0
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of momentum

ρ
(

∂v
∂t +v ·∇v
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= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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while the Navier-Stokes equation15 formulates conservation

of momentum

ρ
(

∂v
∂t +v ·∇v

)
= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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Symmetrization:

Spring that pulls the particle towards the 
velocity of it’s neighbors.
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while the Navier-Stokes equation15 formulates conservation

of momentum

ρ
(

∂v
∂t +v ·∇v

)
= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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while the Navier-Stokes equation15 formulates conservation

of momentum

ρ
(

∂v
∂t +v ·∇v

)
= −∇p+ρg+µ∇2

v, (7)

where g is an external force density field and µ the viscosity

of the fluid. Many forms of the Navier-Stokes equation ap-

pear in the literature. Eqn. (7) represents a simplified version

for incompressible fluids.

The use of particles instead of a stationary grid simplifies

these two equations substantially. First, because the number

of particles is constant and each particle has a constant mass,

mass conservation is guaranteed and Eqn. (6) can be omit-

ted completely. Second, the expression ∂v/∂t+v ·∇v on the
left hand side of Eqn. (7) can be replaced by the substantial

derivative Dv/Dt. Since the particles move with the fluid,
the substantial derivative of the velocity field is simply the

time derivative of the velocity of the particles meaning that

the convective term v ·∇v is not needed for particle systems.

There are three force density fields left on the right hand

side of Eqn. (7) modeling pressure (−∇p), external forces

(ρg) and viscosity (µ∇2v). The sum of these force density

fields f = −∇p+ ρg+µ∇2v determines the change of mo-

mentum ρDv
Dt of the particles on the left hand side. For the

acceleration of particle i we, thus, get:

ai =
dvi

dt
=
fi

ρi
, (8)

where vi is the velocity of particle i and fi and ρi are the force
density field and the density field evaluated at the location of

particle i, repectively. We will now describe how we model

the force density terms using SPH.

3.1. Pressure

Application of the SPH rule described in Eqn. (1) to the pres-

sure term −∇p yields

f
pressure
i = −∇p(ri) = −∑

j

m j

p j

ρ j
∇W (ri− r j,h). (9)

Unfortunately, this force is not symmetric as can be seen

when only two particles interact. Since the gradient of the

kernel is zero at its center, particle i only uses the pressure of

particle j to compute its pressure force and vice versa. Be-

cause the pressures at the locations of the two particles are

not equal in general, the pressure forces will not be symmet-

ric. Different ways of symmetrization of Eqn. (9) have been

proposed in the literature. We suggest a very simple solution

which we found to be best suited for our purposes of speed

and stability

f
pressure
i = −∑

j

m j

pi+ p j

2ρ j
∇W (ri− r j,h).. (10)

The so computed pressure force is symmetric because it uses

the arithmetic mean of the pressures of interacting particles.

Since particles only carry the three quantities mass, posi-

tion and velocity, the pressure at particle locations has to be

evaluated first. This is done in two steps. Eqn. (3) yields the

density at the location of the particle. Then, the pressure can

be computed via the ideal gas state equation

p= kρ, (11)

where k is a gas constant that depends on the temperature.

In our simulations we use a modified version of Eqn. (11)

suggested by Desbrun2

p= k(ρ−ρ0), (12)

where ρ0 is the rest density. Since pressure forces depend on
the gradient of the pressure field, the offset mathematically

has not effect on pressure forces. However, the offset does

influence the gradient of a field smoothed by SPH and makes

the simulation numerically more stable.

3.2. Viscosity

Application of the SPH rule to the viscosity term µ∇2v again

yields asymmetric forces

f
viscosity
i = µ∇2

v(ra) = µ∑
j

m j

v j

ρ j
∇2

W (ri− r j,h). (13)

because the velocity field varies from particle to particle.

Since viscosity forces are only dependent on velocity differ-

ences and not on absolute velocities, there is a natural way

to symmetrize the viscosity forces by using velocity differ-

ences:

f
viscosity
i = µ∑

j

m j

v j−vi
ρ j

∇2
W (ri− r j,h). (14)

A possible interpretation of Eqn. (14) is to look at the neigh-

bors of particle i from i’s own moving frame of reference.

Then particle i is accelerated in the direction of the relative

speed of its environment.

3.3. Surface Tension

We model surface tension forces (not present in Eqn. (7))

explicitly based on ideas of Morris12. Molecules in a fluid

are subject to attractive forces from neighboring molecules.

Inside the fluid these intermolecular forces are equal in all

directions and balance each other. In contrast, the forces act-

ing on molecules at the free surface are unbalanced. The net

forces (i.e. surface tension forces) act in the direction of the

surface normal towards the fluid. They also tend to mini-

mize the curvature of the surface. The larger the curvature,

the higher the force. Surface tension also depends on a ten-

sion coefficient σ which depends on the two fluids that form
the surface.

The surface of the fluid can be found by using an addi-

tional field quantity which is 1 at particle locations and 0
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{A standard particle system:

Use your favorite integrator!

• Fluid Steps:
• Advection
• Projection (Pressure)
• Diffusion
• External Forces
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Comparison



Remarks
• Grid-based (Eulerian)

• good surfaces
• bad splashes
• stable

• Particle-based (Lagrangian)
• bumpy surfaces
• good splashes
• efficient



Hybrid Methods



Question
• How do you represent a rigid body?
• Collisions...

• What kinds are there?
• Detection?
• Simulation?

• What about thin objects?

• Constraints?


