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Course announcements

Talk by Yifan Peng on AR/VR today.
Take-home quiz 9-10 posted, due 4/26.

Feedback for final project proposals posted.



Slide credits

Most of these slides were directly adapted from:

 Shuang Zhao (UC Irvine).



Today’s Lecture

* Metropolis light transport (MLT)

« A Markov Chain Monte Carlo (MCMC) framework
Implementing the Metropolis-Hastings method
first proposed by Veach and Guibas in 1997

« Capable of efficiently constructing “difficult”
transport paths

 Lots of ongoing research long this direction

* MLT is capable of solving both the rendering
equation (RE) and the radiative transfer
equation (RTE). We will focus on the former



Metropolis-Hastings Method

* A Markov-Chain Monte Carlo technique

« Given a non-negative function f, generate a
chain of (correlated) SamMples X;, X5, Xj, ... that
follow a probability density proportional to f

* Main advantage: fdoes not have to be a PDF
(i.e., unnormalized)



Metropolis-Hastings Method

* Input
* Non-negative function f

 Probability density g(y — x) suggesting a candidate for
the next sample value x, given the previous sample value y

* The algorithm: given current sample X;
1. Sample X’ from g(X; — X))

2. Let a= ;g% ggjﬁ% and draw & ~ U(0, 1]

3. If¢ <a, set X, to X’ otherwise, set X4 to X

 Start with arbitrary initial state X,



The Problem

* We focus on estimating the pixel values of a virtual
iImage where intensity /V) of pixel j is

182 _/f(ﬂ)( )d:r;—/ h(j)(j)f(.f) dz, where
Q
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The Problem

* We focus on estimating the pixel values of a virtual
iImage where intensity /V) of pixel j is

182 _/f(ﬂ)( )d:r;—/ h(j)(j)f(.f) dz, where
Q

 hU) varies per pixel and is called the filter function
« fstays identical for all pixels



Example Filter Functions

 Box Filter
h(J) (.Cl_j) _ ]1[2120 < Ij]
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Estimating Pixel Values

7)) — /Qh(j)(j)f(a—g) dz

 We have seen that if we can draw N path samples z1,...,Zn
according to some density function p, then
N

0| Ly h(j)(fi)f(a‘ti)}

N )
* Particularly, if we take p < f, namely p(z) = f(z)/b with
b being the normalization factor, then

|
— Z b ) (f@)}
N3

U —F




Estimating Pixel Values

U = |

|
= Z b ) (f@)}
N3

« Challenges
* How to obtain b= |, f(z)dz 7

* How to draw samples from p(z) = f(z)/b ?
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Metropolis Light Transport (MLT)

 Overview

« Phase 1: initialization (estimating b)

—seed —seed

« Draw N’ “seed” paths =77, ...,z from some known
density p, (e.g., using bidirectional path tracing)

seed

. Set <b>:iz f(x5ee9)

N/ — Do (jseed)

(4

. Picléa small ndumber (e.g., one) of representatives from
—See —See

xy ,...,Zxn/ and apply Phase 2 to each of them

* Phase 2: Metropolis

« Starting with a seed path, apply the Metropolis-
Hastings method to generate samples according to f



Metropolis Phase

* Overview (pseudocode)

Metropolis Phase(image, xseed):

X = Xseed

for 1 = 1 to N:
y = mutate(x)
a = acceptanceProbability(x -» y)
if rand() < a:

X =Yy

recordSample(image, x)



Path Mutations

* The key step of the Metropolis phase

* Given a transport path z, we need to define a
g(z — y) to allow sampling
mutated paths ¥ based on =z
 Given this transition density, the acceptance
probability is then given by
() 9y — )}
f(z) g(z — 9)

Nag
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a(Z — ) = min {1,
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Desirable Mutation Properties

« High acceptance probability
* a(z — y) should be large with high probability

 Large changes to the path

* Ergodicity (never stuck in some-region of the path space)
» g( — y) should be non-zero for all Z, ¥ with
f() >0, f(g)>0

* _ow cost



Path Mutation Strategies

 [Veach & Guibas 1997]

 Bidirectional mutation
« Path perturbations
» Lens sub-path mutation



Bidirectional Path Mutations

» Basic idea
« Given a path z = (xo,...,zy), pick I, m and replace
the vertices with

e Jand m satisfies -1 <l <m<k+1



Deletion Probability

* [and m are sampled as follows:

 Draw integer ky from some probability mass function py 1[kg].
This number captures the length of deleted sub-path (i.e., m - )

 Draw / from another probability mass function py [/ | k;] to
avoid low acceptance probability and set mto | + kg

« The joint probability p4 for drawing (/, m) is
pall,m| = pq,1|m — ] pa2|l|m — 1]



Addition Probability

* The deleted sub-path is then replaced by adding /I’ and
m’ vertices on each side. To determine I’and m”.

* Draw integer k, from p,[k,]. This integer determines the new
sub-path length (i.e., k, ="'+ m’ + 1)

* Draw I’ uniformly from {0, 1, ..., k,-1}and setm’to k, -1 -7/
« Let p,[l’, m] denote the joint probability for drawing (/°, m’)

 After obtaining I’and m’, the two corresponding sub-
paths are generated via local path sampling, yielding
the new path ¥ = (zo,..., 21, 21,.. ., 2k —1, Tm, . . ., Tk)



Parameter Values

* Veach [1997] proposed the following parameters:

* Deletion parameters

* pg1[1]1=0.25, py4[2] = 0.5, py1[k] = 2« for k > 2
(before normalization)

* pqoll | kg to be discussed later

« Addition parameters (given k)
* Pailka]l = 0.5, paqlky = 1] = 0.15, p,1lky £ j] = 0.2(27) for j > 2
(before normalization)



Evaluating Transition Probability

L L] Lm L
o . ... — [ o R —
L0 Ll Lm, Lk

* The probability for transitioning from z to 4 is
ko—1
gz = y) =pall,m] > pall' ke — 1= U1p((21,- -, 20)) p((Zhu1, - - > 20 41))
['=0
ka—1
= pallm] > pall' ke =1 =) (TTizy (=) (TT5 1 pa(=2)

['=0



Bidirectional Mutation: Example

——o *~—o
4 oy I Iro 4

 Original path: = = (xg, ®1, x2, x3)
« Mutation parameters:
« =1, m= 2 (deletion); I'=1, m’ = 0 (addition)
« Mutated path: ¥ = (zo, 1, 21, 2, 3)
* The probability to accept § equals

~ . ) g(G—x)\ _ - (g—x)
o@ = g) = min {1, {BH=T = min {1, 451

where q¢(u — v) :=g(u — v)/f(v)




Bidirectional Mutation: Example

———o ——o
Lo o1 o s

* ¢(z —y) =g —y)/f(y) ,where

f(ﬂ) = G(.’L‘() < 33‘1) fs(zl — L] — CU()) G(CBl < Zl) fS(CBQ — 21 —7 331)
G(Zl — 382) fs(mg — o — Zl) G(CUQ — 383) Le(mg — CCQ)

« Recall that f(y) does not involve W,.(x; — x¢) asitis
captured by the filter function hU)



Bidirectional Mutation: Example

* Y can be generated from z in two ways

* Thus,
g(z = §) = pall, 2] (pall, 0] pa(z1 | 1) + pal0, 1] pa(z1 | z2))
= pa[1,2](pall,0] por (x1 — 21) G(z1 < 21) +
Pal0, 1] ps (2 — 21) G2 > 21))



Bidirectional Mutation: Example

r—Q r——Q
Lo o1 Lo I3

* q(y — x):=g(y = x)/f(x) , where
f(f) = G(CCO e .’L‘l) fs(wg — 1 — ZL‘()) G(.CC1 < 5132) fs(ai‘g — Lo — 33‘1)
G(.’L‘Q s 95‘3) Le(wg — mg)
 Toobtain = from ¥ using bidirectional path mutation,
weneed /=1, m=3and/’"=m’=0. Thus,
9(y — ) = pall, 3] pa[0, 0]



Path Perturbations

e “Smaller” mutations

 Useful for finding “nearby” paths with high
contribution

=



Path Perturbations

 Basic idea: choosing a sub-path and moving
the vertices slightly

* Three types of perturbations
* Lens
« Caustic
* Multi-chain



Path Perturbation: Lens

* Replace of the form ES*D(D|L)
« Randomly move the endpoint x; on the image plane to
* Trace a ray through z, to form the new



Path Perturbation: Lens

* Todraw
« First, sample a distance R using ,." R 3
R = roexp(—log(re/r1) &) where & ~ U(0, 1) VX

s’

~ ’
~

~~~~~~~

« Then, uniformly sample z, from the circle
which is center at x;, and has radius R

« The mutation is immediately rejected if

ray tracing through z, fails to generate a new sub-path
with exactly the same form (i.e., ES*D(D|L))

« Otherwise, the acceptance probability is evaluated in a
way similar to the bidirectional mutation case



Path Perturbation: Caustic

* Replace of the form EDS*(D|L)

« Slightly modify the direction (at random)

* Trace a ray from x,, with this new direction to form the
new



Path Perturbation: Multi-Chain

Replace of the form ES*DS*D(D|L)

Lens perturbation is applied for ES*D
The direction of the DS* edge in the IS
perturbed

The new direction is then used to complete the DS*D(DIL)
segment of the (using ray tracing)



Lens Sub-Path Mutation

» Used to stratify samples over the image plane
« Each pixel should get enough sample paths

* Replace of the form ES*(D|L)

« Similar to lens perturbation, but draw z, from a different
density



Selecting Between Mutation Types

« Path mutations strategies introduced so far:
 Bidirectional mutation
 Lens, caustic, multi-chain perturbations
» Lens sub-path mutation

« Choose one randomly in each iteration



Refinements

* Direct lighting
* It is more efficient to estimate direct illumination
with standard methods (e.g., area & BSDF sampling
combined using MIS) and apply MLT only for indirect

Hlumination

* Importance sampling for mutation probabilities

* For increasing the average acceptance probability
a(T — y)



Improving Acceptance Rates

* Recall:

a(Z — y) = min {1, ggjg } , where g(u — 0) := 9(}1(;)@)

» Observation: given a path z = (x,...,x;) and

1<l<m<k+1,q9H—2) =g@{y—2)/f(x) can be
partially evaluated without constructing 7

« f(z) can be fully evaluated
* g(y — ) can be partially evaluated



Improving Acceptance Rates

e Letk,=m-1/-1, then

ka—1

9 = %) =pa Y _ Pap(@is1,- - T140)) D@1, - - - Tigrr41))
=0

 Set the unknown term to one and get a weight w, ,, for
each mutation

ko —1
Do PUEit1, - i) P( 1y s i1 41))

f(x)

wl,m(a_:) =



Improving Acceptance Rates

ka—1
o Zl’:() p((wl-l—la JO :wl-i-l’))p((wm—l? JRIN ml+l’+1))

W (E) = (@)

« Given a path z = (x, ..., x), we can evaluate the
weights for several possible mutation strategies and
use these weights to sample one

« Can be used to obtain p4 , for bidirectional mutations
* Given kg, simply make pa,2|l | ka] oc wy j44,(T)



Results

[Veach 1997]

MLT

(equal-time)
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Results

[Veach 1997]

MLT

(equal-time)
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